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Abstract

In this paper we present a necessary and sufficient conditions for the exact and approximate
controllability of the following linear difference equation

z(n+1) = A(n)z(n) + B(n)u(n), ne€ IN*, z(n) € Z, u(n) € U,

where Z, U are Hilbert spaces, N* = IN U {0}, A € I*°(IN,L(Z)), B € I*°(IN,L(U, 2)),
uw € [>(IN,U). As a particular case we consider the discretization on flow of the following
controlled evolution equation

) =Az+Bu, z€Z, welU, t>0,

where Z, U are Hilbert spaces, B € L(U,Z), u € L*(0,7;U) and A is the infinitesimal
generator of a strongly continuous semigroup {T'(t)}+>0 in Z, given by:

T(t)z = ZeAjtsz, z€Z, t>0,
j=1

according to lemma 1.1. We apply these results to a flow-discretization of the heat equation
and the wave equation.

Resumen

En este articulo presentamos condiciones necesarias y suficientes para la controlabilidad ex-
acta y aproximada de la siguiente ecuacion en diferencias lineal

z2(n+1) = A(n)z(n) + B(n)u(n), ne€ IN*, z(n) € Z, u(n) €U,

donde Z, U son espacios de Hilbert, N* = INU{0}, A € [*°(IN, L(Z)), B € [*°(IN, L(U, Z)),
u € I2(IN,U). Como un caso particular consideramos la discretizacion en el flujo de la siguiente
ecuacion de evolucién controlada

2 =A2+Bu, z€Z, uelU, t>0,

donde Z, U son espacios de Hilbert , B € L(U,Z), u € L?(0,7;U) y A es el generador
infinitesimal de un semigrupo fuertemente continuo {7'(¢)};>0 in Z, dado por:

o0
T(t)z = ZeAjtsz, z€Z, t>0
j=1
de acuerdo con el lema 1.1. Aplicamos esos resultados a una discretizacion en el flujo de la
ecuacion del calor y la ecuacién de onda.
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1 Introduction.

One way to obtain Difference Equation in Banach Spaces is making discretization on flow of the
evolution equation, this method was used in [3], [5] and [9] to characterize exponential dichotomy

of evolution operators and skew product semiflows respectively.

In general, for a controlled evolution equation of the form
Y =Az+Bu, 2z€Z, ueclU, t>0, (1.1)

where Z, U are Banach spaces, B € L(U, Z), u € L*(0,7;U) and A is the infinitesimal generator
of a strongly continuous semigroup {7'(t)};>0 in Z, we considere the following discretization on

flow:
z(n+1) =T(n)z(n) + B(n)u(n), ne IN™, (1.2)

where the control u = {u(n)},>1 belong to I2(IN,U).

In particular, we shall work here with those infinitesimal generator A given by the following

Lemma from [6].

Lemma 1.1 Let Z be a Hilbert separable space and {Ap}n>1, {Pn}tn>1 two families of bounded

linear operator in Z, with {Py,}n>1 a family of complete orthogonal projection such that:
AP, =P,A,,n>1.

Define the following family of linear operators

[ee]
T(t)z = ZeA"tPnz, zeZ, t>0.

n=1

Then:

(a) T(t) is a linear and bounded operator if ||eAnt|| < g(t), n = 1,2, .., with g(t) > 0, continuos
fort>0.
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(b) Under the same condition the above, {T'(t)}s>0 is a strongly continuous semigruop in the

Hilbert space Z, whose infinitesimal generator A is given by

Az = Z ApPnz, z€ D(A)

n=1

with

D(A) = {z €Z: i | A Prz||? < oo}.

n=1

(¢c) The spectrum o(A) of A is given by

a(4) = | o(4n),

n=1

where A,, = A, P,.
We shall assume through this paper the following hypothesis:
P,BB* = BB*P;, j=1,2,.. (1.3)

Under this condition, in lemma 3.1, we characterize the exact and approximate controllability of

the general system (1.2) in terms of the following family of control systems
2(n+1) = eM"2(n) + Bju(n), ne N*, j=1,2,..

where B; = P;B and u € I?(IN,U).

Finally, we apply these results to a discrete version of the heat and wave equation.

2 Preliminaries Results.

In this section we shall present a discrete version of theorem 4.1.7 from [2] for the following general

controlled difference equation in Hilbert spaces
z(n+1) = A(n)z(n) + B(n)u(n), ne€ IN, z(0) = z, (2.4)

where z(n) € Z, u(n) € U, where Z, U are Hilbert spaces, IN* = IN U {0}, A € [*°(IN,L(Z)),
B €I®(IN,L(U, 2)), u € I>(IN,U).
To this end, we shall give the definition of exact and approximate controllability for the system

(2.4).
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Consider the set A = {(m,n) € IN x IN : m > n} and let ® = {®(m,n)}, n)ea be the
evolution operator associated to A, i.e., ®(m,n) = A(m —1)--- A(n) and ®(m,n) = I, for

m=nmn.

Then, the solution of (2.4) is given by the discrete variation constant formula:
z(n) = ®(n,0)2(0) + > ®(n,k)B(k — u(k — 1), n € IN. (2.5)
k=1

Definition 2.1 (Exact Controllability) The system (2.4) is said to be exactly controlable if
there is ng € IN such that for every zy, z1 € Z there exists u € I2(IN,U) such that z(0) = 2o and

z(ng) = 21.

Definition 2.2 (Approximate Controllability) The system (2.4) is said to be approximately
controlable if there is ng € IN such that for every zy, z1 € Z, € > 0 there exists u € I*>(IN,U)
such that z(0) = z9 and ||z(ng) — z1]| < e.

Definition 2.3 For the system (2.4) we define the following concepts:

a) The controllability map (for n € IN ) is define as follows B™ : [>(IN,U) — Z by

B"u = z": ®(n,k)B(k — u(k — 1) (2.6)
k=1

b) The grammian map (for n € IN ) is define by Lgn = B"B™*

Proposition 2.1 The adjoint B™* of the operator B™ is given by
B™*: Z — I*(IN,U)

B*(k —1)®*(ng, k)z, k <ng

no* _ —
a1 = { , pem 1)
and
no
Lpnoz =Y _ ®(ng,k)B(k — 1)B*(k — 1)®*(ng, k)z, z € Z. (2.8)

k=1
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Proof

(B"z,z) = <ZO: ®(ng, k)B(k — u(k — 1), z>
7,7

k=1 :
no

— Z((I)(no,k)B(k —Du(k—1),2)z 2

k=1
no

= ) (u(k—1), B*(k — 1)®*(no, k)2)u,u

k=1
no

= D (u(k —1), B*(k — )®*(no, k)2)uvw + Y (ulk—1),0)p0
k=1 k=ng+1
= (u, B""2)p2 (v 1) 2(v,0)

which prove (2.1). Clearly, (2.8) follows immediately from definition 2.2 and (2.1). 0

The following theorem is a discrete version of theorem 4.1.7 from |[2].

Theorem 2.1 (a) The equation (2.4) is exactly controllable for some ng € IN if, and only if,

one of the following statements holds:

(i) Rang(B™) =Z

(i1) There exists v > 0 such that
(Lproz,2) 2 7ll2l%, Yz € Z,
(11i) There exists v > 0 such that
1B 2)li2(v,0ny = Y2llz, V2 € Z,

(b) The equation (2.4) is approximately controllable for some ng € IN if, and only if, one of the

following statements holds:

(i) Ker(B™*) = {0}.

(i) (Lpnoz,z) >0, z#0in Z.
(iii) B*(k — 1)®*(ng, k)z = 0, k<ng, = z=0.
(iv) Rang(B) — 7.

Proof
(a) Since Lpno = B™ B™* we have that

(Lproz, 2) = (B™B™*z, z) = (B"0*z, B™*2) = | B™*2||%,Vz € Z, (2.9)
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which shows the equivalence between (ii) and (7).

If (i) holds, then Lpno is boundedly invertible. Hence,
Rang(Lpno) = D((Lpno )~ 1) = Z. The fact that Lgn, = B™ B™* shows that Rang(Lgno) C
Rang(B"). Thus Rang(B") = Z, which shows (7).

Let us suppose that Rang(B") = Z. Then, we shall prove that (ii7) holds. First, we assume
that B is injective; then (B™)~! € L(Z,1*(IN,U)) and (B"*)~! € L(I*(IN,U), Z). Thus,
there exists 0 > 0 such that

I(B™*) " ullz < Bllullz, Yu e *(IV,U),
and with z = (B"*)~ !y we obtain
1zl < BIIB"" 2|z,

which is equivalent to (iii) considering v = 1/0.

For the general case, we define the Hilbert space X = [KerB™]+ endowed with the norm

defined by [Juflx = ullz.

Then, we define Broy = B™u, v € X, which makes Bmo g bijective map on X, and our

above argument applied to B shows that there exist [ > 0 such that for all z € Z
BIB" 2l x = |2 z-

From Lemma A.3.30 [2], the Riesz Representation Theorem and Hahn Banach’s Theorem

we deduce
|Bro*z|| = sup  (u, B"*z) = sup  (B™u,z)
{ueX:[lul<1} {ueX:|ul<1}
= sup  (B"™u,z) = sup (B™wu, z) = ||B"" z|;2.
{ueX:[lul<1} {u€l2(IN,U):||ul| <1}

Hence, we have that
~ 1
|1B"* 2|2 = || B""2]|x = BHZHZ-

Once more, with v = 1/, we have (iii).

Now, we shall prove that the exact controllability of (2.4) implies (7). Suppose that (2.4) is

exactly controllable for some ng. Given z € Z we can find zg and z; in Z such that

z1 = ®(np,0)zo + 2. (2.10)
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Then there exist u € I2(IN,U) such that 29(0) = 2y and z,(ng) = 2z1. Thus,
no

21 = zu(ng) = ®(ng,0)z0 + Y ®(no, k)B(k — u(k — 1) (2.11)
k=1
Substituting (2.10) in (2.11), we obtain
no
O(ng,0)z0 + 2 = ®(no,0)z0 + »_ ®(ng, k)B(k — Lyu(k — 1).
k=1

Then,

So, Rang(B™) = Z.

Next, we shall show that () implies exact controllability of (2.4). Assume that Rang(B"0) =
Z. Consider z in Z such that

z = z1 — ®(ng, 0)z, (2.12)
with zg, z1 in Z. Then there exist a control u such that
B"u = z. (2.13)

Then, substituting (2.12) in (2.13), we obtain
no
z=21—®(ng,0)z0 = »_ ®(no, k)B(k — Du(k —1).
k=1

Hence
no

zu(no) = ®(ng,0)z0 + Y _ ®(no, k)B(k — Vu(k — 1).
k=1
So, we have obtained a solution z,(:) of (2.4) such that z,(ng) = 21 and 2,(0) = 2o, i.e.,

(2.4) is exactly controllable. This conclude the prove of part (a).

From proposition 2.1 follows that (i) and (ii7) are equivalent, and (2.9) shows that (i) and
(ii) are equivalent. We know that (Ker(B"0*))t = Rang(B™). From this it follows that:
Rang(B™) = Z iff (Ker(B™*))* = Z iff Ker(B"*) = {0}, which shows that (i) and (iv)
are equivalent.

Now, suppose that (2.4) is approximately controllable; then for € > 0, z, zg, 21 in Z, such
that 27 = ®(ng,0)z + 2, there exist u € [?(IN,U) with z,(0) = 2z and ||z,(ng) — 21| < e.
Thus,

zu(ng) = ®(ng,0)z0 + ZO: ®(ng, k)B(k — u(k —1).
k=1
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Therefore
no
|BMu—z|| = | Z P (ng, k)B(k — 1)u(k — 1) — ||
k=1

no
= || > @(ng, k)B(k — Du(k — 1) + ®(ng,0)z0 — z1 |
k=1
= Jlzu(no) — 21l <,
which implies (iv).

Assume that Rang(B™) = Z. Let z € Z such that z = 23 — ®(ng,0) with zp, z; in Z.

Then, there exist a control u such that ||B™u — z|| < e. Thus,
| B"u + ®(ng, 0)z0 — 21| = [|zu(no) — 21| < e.

Hence, we have obtained a solution z,(-) of (2.4) such that z,(0) = zp and ||z, (ng) — 21| < €;

this let us conclude that (2.4) is approximately controllable and finish the prove of part (b).

O

Lemma 2.1 The equation (2.4) is exactly controllable for ng € IN if, and only if, Lpno is
invertible. Moreover, in this case S = B”O*Lgio s a right inverse of B™ and the control u €

I2(IN,U) steering an initial state zy to a final state 2y is given by:

u = B"* Lk (21 — ®(no,0)z0). (2.14)

Proof Suppose the system (2.4) is exactly controlable. Then, from theorem 2.1 part (a) — (i),
there is 7 > 0 such that ||B™*z|| > v|z]|, for all z € Z, i.e.,

IB™*2|* > ¥?||2|?, =€ Z.
i.e.,
(BWB™*z 2y > ~42|z|?, =€ Z.
ie.,
(Lproz,2) > ¥*||2||?, z€ Z (2.15)
This implies that Lgno is one to one. Now, we shall prove that Lgno is surjective. That is to say

R(LBno) = Rang(LBno) = 7.
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For the purpose of contradiction, let us assume that R(Lpgno) is strictly contained in Z. On the

other hand, using Cauchy Schwarz’s inequality and (2.15) we get
ILgnozllz > 77|2]% 2 € Z,

which implies that R(Lpno) is closed. Then, from Hahn Banach’s Theorem there exist zp # 0
such that

(Lpnoz,29) =0,Vz € Z.
In particular, putting z = 2y we get from (2.15) that
0 = (Lpro20,20) > ¥*|1z0l1*.

Then zg = 0, which is a contradiction. Hence, Lpno is a bijection and from the Open Mapping

Theorem, LE;LO is a bounded linear operator.

Now suppose Lpno is invertible. Then, from Theorem (2.1) it is enough to prove that

R(B™) = Z. For z € Z we define the control u, € I>(IN,U) as follows
u, = Sz = B™* L} 2.
Then B™wu, = z. The rest of the proof follows from here. 0

Lemma 2.2 The equation (2.4) is approxzimately controllable for ng € IN if, and only if, Rang(Lpno) =
Z.

Proof Suppose the system (2.4) is approximately controlable for some ng € IN*. Then, from
Theorem 2.1 part (b) — (i7) we have that

(Lppz,2) >0, Vz€Z, z#0. (2.16)
For the purpose of contradiction, let us assume that
Rang(Lpg) C Z.
Then, from Hanh Banach’s Theorem there exists zg # 0 such that
(Lproz,z9) =0, Vz € Z.

In particular, if we put z = zp, then (Lpgno 29, z9) = 0, which contradicts (2.16).

Now, suppose that Rang(Lpno) = Z, i.e., Rang(B™ B™*) = Z so Rang(B™) = Z. Then, from
Theorem 2.1 we have that (2.4) is approximately controllable. 0
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3 Main Results.

Now, we study the controllability of the system
z(n+1) =T(n)z(n) + B(n)u(n), n€ IN*, z(n) € Z, u(n) € U, (3.17)

where Z, U are Hilbert spaces, IN* = INU{0}, B € I®°(IN, L(U, Z)), u € I>(IN,U) and {T'(t)};>0

is a strongly continuous semigroup given by:

o0
T(t)z=)Y e¥'Piz, z€Z, t>0
j=1

according to lemma 1.1.

Proposition 3.1 The evolution operator ® = {®(m,n)}y n)ea associated to the equation (3.17),
is given by the formula ®(m,n) = T(©(m,n)), where

2 .92
@(m,n):m n2 m+n€ﬂ\7,m2n.

Proof We know that
S(m,n)=T(m—-1D)T(m—-2)---Tn)=T(m—-1)T(m—2)---T(m—k),

where m = n + k. Then,

®(m,n) = T(m—1+m—2+---+m—k):T<km—zk:i>
i=1
_ T(km— k(k:2—|— 1)) :T<2k:m—2l<:k:—k>

_ T(k(Zm—k)—k) :T<k(m+n)—k>

2 2
(M) (i)
- T<m2_n22_m+n>:T(®(m,n)). q

Proposition 3.2 Under the hypothesis (1.3) the operator

no
Lproz = B"B"*z =" ®(no, k)B(k — 1)B*(k — 1)®* (no, k)z,
k=1
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can be written as follows

[ee]
Lgno = ZLB;OPJ»,

j=1
where o -, -
L nn — BnOBnO* — AJG no,k BB* * no,
Bj° i i Ze e’
2 _ k2 k
and ©(ng, k) = 10 5 ot € IN.

Lemma 3.1 (a) System (1.2) is exactly controllable if, and only if, there exist v >0 such that
(LB'JrLsz,sz> > yHszHQ, VzeZ, 7=1,2,3,...
(b) System (1.2) is approzimately controllable if, and only if, each of the following system
z(n+1) = e"2(n) + Bju(n), z(n) € Rang(P;), n€ IN, j=1,2,3,... (3.18)
18 approximately controllable.

(c) System (1.2) is approzimately controllable if, and only if,

<LB;Lsz,sz> >0, V2#£0in Z, j=1,2,3,...
Proof

(a) Suppose that there exist v > 0 such that <LB;,Lsz, P;z) > 7|/ P;z||>. Then

<LB7LOZ7Z> = <ZLB’J’_LOPJ'Z,ZPJ'Z>

7=1 7=1
_ <i (ZO: eAj@(no,k:)BB*eA;f@(no,k)> sz7 i sz>
k=1 j=1
_ Z Z <Z€A O(no,k BB* A @(no,k)PjZ7sz>
j=1m=1

I
HM

no
(3evernn A?@(”O”“)sz,sz>
j= k=1
oo
Y LB e 293 1R =l

J=1 J=1
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So, (1.2) is exactly controllable by Theorem 2.1 part (a) — (ii). Conversely, suppose that
(1.2) is exactly controllable , then by Theorem 2.1 part (a) — (i7), there exist v > 0 such
that (Lpnoz,z) > 7|/z||?. In particular,

[ee]
(Lo Pjz, Pjz) = <Z LB;OHsz,JDjz> = (Lpm Pjz, Pjz) > | Pz,
i=1

which conclude the proof of (a).
Assume that (1.2) is approximately controllable and there exists j such that
2(n+1) = eNi"2(n)Bju(n), z(n) € R(P;), neIN

is not approximately controllable. Then by theorem 2.1 part (b) — (iii), there exist z; €
R(P;), zj # 0 such that

x A%
Bie®i"z; = 0.
Moreover, since (1.2) is approximately controllable, we have
B*T*(n)z = B*®*(n)z = 0= 2z =0.
Now, if we put z = P;z; = z;, then

[e.e]
B*T* (’I’L)Z - B* Z eAz@(n,k:)sz _ B*eA;f@(n,k:)sz _ (Bj)*eA;f@(n,k)zj =0,
k=1
which implies that z; = 0, and this contradicts the assumption. Therefore, (3.18) is ap-

proximately controllable for all j.

If (3.18) is approximately controllable for all j, then, by Theorem 2.1 part (b) — (i7),
<LB’70PJ’Z,PJ‘Z> >0, z#0.
J

So,

<LB7L()Z,Z> = <ZLB70PJ27ZPJZ>

j=1m=1 \k=1
o) no

= > ¢AiOmok) ppreAiOok p o p.
j=1 \k=1

o0
= ) (LgwPjz, Pz) >0, z#0
J
j=1
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Hence, (1.2) is approximately controllable and (b) is proved.

(c) follows immediately from (b) and Theorem 2.1 part (b). 0

4 Applications

Now, as an application of the main results of this paper we shall consider two important examples,

a flow-discretization of the controlled heat equation and the controlled wave equation.

Example 4.1 Heat Equation

Considere the heat equation

Yt = Ypo +u(t, )
y(0,2) = yo(x) (4.19)
yr(t>0) = y:t(tv 1) =0

The system (4.19) can be written as an abstract equation in the space Z = L2[0, 1]

A
{ 2 =—Az+ Bu(t),z € Z (4.20)

2(0) = 2o

where B = I, the control function u belong to L?[0,7, Z] and the operator A is given by A¢ =
— bz with domain D(A) = H? N HOI, and has the following spectral decomposition.

a) For all z € D(A) we have

AZ - Zj2ﬂ-2<z7¢j>¢ja

j=1
where ¢;(z) = sin(jmx).

b) —A is the infinitesimal generator of a Cy-semigroup {7'(t)}+>0 given by

T(t)z=)» e N'Ejz, z€Z t>0, (4.21)
j=1

where Ej;z = (¢;,2) and \j = jim2

So, {Ej;} is a family of complete orthogonal projections in Z and

[e.9]
z = ZEjz, z € 4.
j=1
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Now, the discretization of (4.20) on flow is given by

{ z(n+1) =T(n)z(n) + B(n)u(n),z € Z

20) = 2 (4.22)

In this case, T*(t) = T'(t) and B = I. We shall see that (4.22) is exactly controllable. In fact,

in this case we have that:

no
B™ :I*(IN,U) — Z, B"™u=>» T(O(ng,k))u(k—1)
k=1

and

[e.9]
Lpno : Z Z, Lpno = B"B"* = Lo Ej
B™0 e ; B™0 Z:l BjO ]Z,
j=

no
L —2),;0(no,k)
where LBjo Z e )
k=1
Now, we shall prove the existence of v > 0 such that
(LproEjz, Ejz) > Bz

This is equivalent to the existence of v > 0 such that

no
[Z =200 k) _
k=1

—2X;O(no,n0) — 1.

1E;2]1* > o,

which is obviously true for 0 < v < 1 since e
Then, for such v we have
oo oo oo
(Lavoz,2) = (3 Lo Byz, Biz) = Y (Lo Bz By2) 293 | Byl = 2l

Jj=1 J=1 Jj=1

Thus, (Lgnoz,2) > 7||z||%, 2 € Z. Therefore, applying Theorem 2.1 part (a) — (7i) we obtain that
(4.22) is exactly controllable. 0

Example 4.2 Wave Equation

Considere the wave equation

Yt = Yz + u(t, x)
y(t,0) =y(t,1) =0 (4.23)
y(0,2) = yo,y:(0,z) = y1(x)
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The system (4.23) can be written as an abstract second order equation in the Hilbert space

X = L?0,1] as follows:

y" = —Ay+u(t)
4.24
LN e ® L 2y
where the operator A is given by A¢ = —¢,, with domain D(A) = H>NH, 6, and has the following

spectral decomposition.

For all z € D(A) we have

sziA T, )b = ZAEm
j=1

where \; = j?7%, ¢;(x) = sin(jrx), (-,-) is the inner product in X and Ejx = (z, ¢;)d;.
So, {Ej;} is a family of complete orthogonal projections in X and z = Z Ejr, v € X.
j=1
Using the change of variables ¢y’ = v. the second order equation (4.24) can be written as a

first order system of ordinary differential equations in the Hilbert space Z = X2 x X as

{ j((; ﬁz;;r Bu(t),z € Z (4.25)
where
zz[”,Bz[H,A:[_XH, (4.26)

A is an unbounded linear operator with domain D(A) = D(A) x X and u€ L%(0,7, X) = U. The
proof of the following theorem follows from Theorem 3.1 (see, [7]) by putting ¢ =0 and d = 1.

Theorem 4.1 The operator A given by (4.26), is the infinitesimal generator of a strongly con-

tinuous semigroup {T'(t)},.r given by

o0
T(t)z=>Y e¥'Pizz€Zt >0, (4.27)
j=1

where {Pj}j>1 is a complete family of orthogonal projections in the Hilbert space Z given by
Py = diag[Ej, Ej],j > 1 (4.28)
and

Aj = B;Pj, Ej:{ 0 H,jzl. (4.29)
J
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Now, the discretization of (4.25) on flow is given by

z(n+1) =T(n)z(n) + B(n)u(n), z€Z (4.30)
2(0) = 2o
where
0
B:U— Z, Bu:[l]u
We want to show that (4.30) is approximately controllable. In this case, we have
no
B™ :I*(IN,U) — Z, B"™u=Y T(O(no,k))Bu(k —1)
k=1
and
Lpgny : Z — Z, Lpny = B"B"*
Since
« [0 0
BB — [ oY ] ,
we have that
P;BB* = BB*P;, j=1,2,3,.... (4.31)

On the other hand, we have that T*(t) = T'(—t). Then

Lpnz = ZO: T(O(ng, k))BB*T*(©(ng, k))z
k=1

ng oo %
_ Z Z eAj@(no,k)PjBB* Z e—Aj@(no,k)sz
k=1 j=1 i=1
oo ng
_ Z Z eAj@(no,k)BB*e—AJ-@(no,k:)PjZ
j=1 k=1
= > LygwPz
=t

no
where Lygno = B;LOB;.LO* = ZeAJ'@("O’k)BB*e_AJ@("O’k).
J
k=1

oo
Hence, Lpno = E Lgno.
J
j=1

Let z = [21, 20]7 in Z. It is not difficult to verify that

no
LgnoPjz = Z nol0, EjZQ]T-
J
k=1
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Then
(LB?onz,Pj@ = (no[O,EjZQ]T, [EjZl,EjZQ]T> = nOHEj22H2 >0, Vj

Hence, using (4.31), we have for z # 0 in Z that

o0 o0 o0 (o]
_ D Ly DL P 2 — 2
(Lproz,z) = (> LproPyz, ) Pjz) Z(LBjonz,Py,@ no > |1Bjzal* = nollz|* > 0.
i=1 i=1 i=1 =1
In consequence, by Lemma 3.1 part (c¢), the equation (4.30) is approximately controllable. 0
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