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Abstract

We extend the concept of energy to directed graphs in such a way that Coulson’s Integral
Formula remains valid. As a consequence, it is shown that the energy is increasing over the
set D, of digraphs with n vertices and cycles of length h, with respect to a quasi-order
relation. Applications to the problem of extremal values of the energy in various classes of
digraphs are considered.

1 Introduction and terminology

A digraph (or directed graph) G = (V, D) is defined to be a finite set V and a set D of ordered
pairs of elements of V. The elements of V are called vertices and the elements of D are called
directed edges or arcs. Sometimes we denote by Vg and D¢ the set of vertices and arcs of G,

respectively. We consider here simple digraphs.

Two vertices are called adjacent if they are connected by an arc. If there is an arc from vertex

x to vertex y we indicate this by writing zy. A path of length n — 1 (n > 2), denoted by P,, is

a graph with n vertices {v1,... ,v,} and with n — 1 arcs v;v; 1, where i =1,... ;n — 1. A cycle
of length n, denoted by C,, is the digraph with the vertex set {vi,...,v,} having arcs v;v;41,
t=1,...,n—1and v,v;. A linear digraph is a digraph in which every vertex has indegree and

outdegree equal to 1. Clearly, a linear digraph consists of cycles.

The adjacency matrix A of a digraph G whose vertex set is {v1,... ,v,} is the n X n matrix

whose entry a;; is defined as

= 1 if UinE'D
Y710 otherwise

The characteristic polynomial |z — A| of the adjacency matrix A of G is called the characteristic

polynomial of G and it is denoted by ®¢. The eigenvalues of A are called the eigenvalues of G.

The coefficients of the characteristic polynomial contain information on the structure of the

digraph, as we can see in the Coefficient Theorem for Digraphs |1, Theorem 1.2]

Theorem 1.1 Let G be a digraph with characteristic polynomial

P =a"+bx" L+ 4 b1z + by




2 Ismael Peria and Juan Rada

Then
bk _ Z (_1)comp(L)
Lely

for everyk =1,... n, where Ly, is the set of all linear subdigraphs L of G with exactly k vertices;

comp (L) denotes the number of components of L.

If G is an undirected graph then G can be viewed as a digraph G by identifying each edge of
G with a cycle of length 2 in G. Then Theorem 1.1 can be reformulated for undirected graphs as
follows [1, Theorem 1.3]:

Theorem 1.2 Let G be a graph with characteristic polynomial
b =a"+bx" 4+ +by_1x+ by
Then

bj _ Z (_1)comp(L) 20yc(L)
L

where the sum is over all subgraphs L of G consisting of disjoint edges and cycles, having j

vertices; comp (L) is the number of components and cyc (L) is the number of cycles in L.

It follows from Theorem 1.2 that if G is a bipartite graph then the characteristic polynomial

of G can be expressed in the form
g =a"+> (-1)Fb(G,2k)z" 2 (1)
k>1

where b (G, 2k) > 0 for all £ > 1. This expression for ®¢ induces in a natural way a quasi-order
relation “ <7 (i.e. a reflexive and transitive relation) over the set of all bipartite graphs: if G

and Gg are bipartite graphs whose characteristic polynomials are in the form (1)
Gl = G2 < b(G1,2k) < b(G2,2]€) forall k>1 (2)

If G1 <X G2 and there exists a k such that b (G1,2k) < b(Ge,2k) then we write G1 < Ga.

Gutman [3] introduced this quasi-order relation in order to compare the energies of different
graphs. The energy of a graph G, denoted by F (G), is defined to be the sum of the absolute
values of the eigenvalues of A. For a survey of the mathematical properties of the energy we refer

to [5]. Other recent results can be found in ([10],[11],[12],[13]).
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It is well known that if GG is a bipartite graph, then the energy of G can be expressed by

means of the Coulson integral formula ([4] and [5])

% 5]

E(G):i/xQIn 1+ b(G k)2 | do (3)
0 k=0

which implies

(G2) (4)

This increasing property of E have been successfully applied in the study of the extremal values

of the energy over a significant class of graphs (|6]-9],[14]-[18]).

In this paper we extend the concept of energy to directed graphs in such a way that Coulson’s
Integral Formula remains valid. As a consequence, it is shown that the energy is increasing
over the set D, j of digraphs with n vertices and cycles of length h, with respect to a quasi-
order relation. Applications to the problem of extremal values of the energy in various classes of

digraphs are considered.

2 Energy of digraphs

In this section we generalize the concept of energy to digraphs. Note that in the case of digraphs,

the adjacency matrix is not necessarily symmetric and so the eigenvalues can be complex numbers.

Definition 2.1 Let G be a digraph with n vertices and eigenvalues z1, ... ,z,. The energy of G
is defined as

E(G)=)_|Re ()|
i=1
where Re (z;) denotes the real part of z;.

Example 2.2 Let G be the digraph shown in Figure 1. By Theorem 1.1, the characteristic
polynomial of G is

@G:xm—x7—2x6+2x3:x3 (1‘4—2) (a:3—1)
The eigenvalues of G are 0,0,0, £v/2, £v/2i,1 and —% + @2 Consequently,

E(G)=2vV2+2
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Figure 1
Of course, there are different ways to generalize the energy to digraphs. However, as we shall

see later, this generalization is consistent with some of the fundamental results in the theory.

Example 2.3 If G is a (undirected) graph we define a directed graph G with the same adjacency
matriz of G: Vg = Vg and every edge of G is replaced by a directed cycle of length 2. Clearly
Ag =AG and so E(G) =E (@) In this way, Definition 2.1 generalizes the concept of energy of
(undirected) graphs.

In the following examples we use Theorem 1.1 to calculate the characteristic polynomial of
the digraphs.
Example 2.4 Let G be an acyclic digraph (i.e., G has no cycles). Then E (G) = 0. In fact, the

characteristic polynomial of G is &g = x™, where n is the number of vertices of G. Consequently,

0 is the unique eigenvalue of G (of multiplicity n) and so E (G) = 0.

Example 2.5 Let C,, be the cycle of n vertices. Then the characteristic polynomial of Cy, is
®o = 2™ — 1. Therefore,
<2k‘7r> ’
cos | —
n

Example 2.6 Let G be a digraph with n vertices and unique cycle C,. of length r, where 2 < r <
n. Then

n—1

E(Cn) = Z

k=0

b = " T — T (mr _ 1)

Hence, the eigenvalues of G are the r-th roots of unity, each with multiplicity 1, and 0 with

()

multiplicity n — r. It follows that
r—1

B(G)=E(C) =Y
k

=0
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In [7] and [9] the authors considered the problem of finding the maximal and minimal energy
among unicyclic graphs with a fixed number of vertices. It is natural to consider the same problem

for unicyclic digraphs.

Theorem 2.7 Among all unicyclic digraphs with n vertices, the minimal energy is attained in
digraphs which contain a cycle of length 2,3 or 4. The mazimal energy is attained in the cycle

C, of length n.

Proof. Let G be a digraph with n vertices and unique cycle C; of length r» > 2. It follows

<2k7r> '
cos | ——

r
k=0

If r=2,3 or 4 then F (C,) = 2. Assume that r > 5. We will show that

from Example 2.6 that

r—1

t
B
I
=
3
I
]

E(Cy)>2

Recall that for every positive integer p

which implies that

Since r > 5 then

Hence

<2k7r> ‘
cos [ ——
,

Then
r—1
E(Cr) =

k=0

BIE

2 (1005 (7)) > 2

v
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Now we show that if n > r > 5 then

E(Cr) < E(Cp)

Ifn>r>5andk=1,..., [2] then %Tﬂ < 2’:—” which implies cos (2]“7“) < cos (2’”) since
Zkn 2km ¢ (0, Z]. Hence

—

[5

On the other hand

ey = kzocos <2’:”>’:
(5] (5]
= 3| <2’;>‘+k:%“ cos <2IZ>‘

so the result follows applying (5) and (6). m

Example 2.6 shows that the energy of a unicyclic digraph is equal to the energy of its unique

cycle. This situation can be generalized.

Definition 2.8 Let G be a digraph. We define the cyclic part of G, denoted by G., as the
subdigraph of G induced by the set of arcs which belong to a cycle of G.

Example 2.9 Figure 2 shows the cyclic part G. of the digraph G in Figure 1.

Figure 2
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Theorem 2.10 Let G be a digraph. Then E (G) = E (G,).

Proof. By Theorem 1.1, if a € Dg does not belong to a cycle of G then &g = ®c_,.
More generally, let W = {a € D¢ : a does not belong to a cycle of G}. Then it is clear that
G.=G —W and &g = Pg_w = P,. It follows that £ (G) = E(G.). m

It is clear now that Example 2.6 is a particular case of Theorem 2.10.
Definition 2.11 A digraph G es pure-cyclic (abbreviated as pc) if G is weakly connected and
G.=G.

In other words, a weakly connected digraph G is pc if every arc belongs to a cycle of G.

Recall that the direct sum G4 + G4 of the digraphs G1 = (V1,D1) y Ga = (V2, Ds), where Vy
and V, are disjoint, is the digraph (V, D) such that V = V; UV, and D = Dy U Ds.

Proposition 2.12 Let G = Gy + Gy. Then E (G) = E(G1) + E (Gy).

Proof. The adjacency matrix of G has the form

< A(OGI) A(%z) >

where A (G;) and A(G2) are the adjacency matrices of G; and Ga, respectively. It follows
immediately that <1>G = &q, P, and so E(G) = E(G1)+ E(G2). =
1 2

Theorem 2.13 Let G be a digraph. Then G, is a direct sum of (unique) pc subdigraphs of G.
. . . S
In particular, if Go. = Py + Py + - - - + Py, where each Py is pc, then E(G) = Y E(Py).
k=1
Proof. Keeping the notation in the proof of Theorem 2.10, it is clear that

Go=G-W=P, +Py+--+P,,

where each Py is pc. Therefore, by Theorem 2.10 and Proposition 2.12, we conclude that

E(G)=E(G) =Y E(Py)
k=1
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3 Coulson’s integral formula for the energy of a digraph

Let G be a digraph with n vertices and eigenvalues z1, ... , z,. If A is the adjacency matrix of G

then
Tr(A) = Z 2, =0
k=1

which implies

and consequently,
B(G) =23 Re (=) (7)
Jr

where > indicates the summation over all eigenvalues with positive real part.
Jr

Theorem 3.1 (Coulson’s integral formula for digraphs) Let G be a digraph with n vertices. Then

B(G) = 70[71 _ m} do (8)

+00
In the above formula, [ F (x)dz stands for the principal value of the respective integral, i.e.,
—o

¢
lim | F(x)dz

t—o0
—1

Proof. The proof is similar to the graph version with some modifications. If
P
Oa (2) =[] (z = wy)™
j=1

is the characteristic polynomial of the digraph G then the eigenvalues wy, ... ,w, are in general
complex numbers. Since the coefficients of ®¢ (z) are real numbers (integers) we know that if wy, is
an eigenvalue then wy is also an eigenvalue. Furthermore, these can appear on the imaginary axis.
Bearing in mind that it is not possible to integrate along a curve passing through a singularity,

the contour I' is changed to the one shown in Figure 3
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Yy
r
Co (?
r
X
o]
. Figure )
In this contour we choose 7 > ||w; ﬁ» where w; has maximal module among all wg, k =1,... ,p.

As we can see, I" consists of the counterclockwise oriented semicircles C7, Co and C3, with radius

r,e and €', respectively, and three line segments.

As a consequence of the Cauchy integral formula |2] applied to the function

0% N
fz) = O (2) ;z—w]—

we deduce

o 1 dz =Yy = 302 = 3 Re(z) = JE(G) (9)
! " m

T +

On the other hand, evaluating the above integral along each of the curves which conform I', and

letting r — 0o, € — 0 and ¢’ — 0 then

2ri i
N
T
= 5 [n— f (iy)] dy (10)

pr@e = e -
I

since [ [f(z)—n]dz=01ifr — +oo and [ [f(z) —n]dz+ [[f(2)—n]dz=0if ¢ — 0 and
C Co C3
g’ — 0. The result follows from (9) and (10). In case there are more eigenvalues on the imaginary

axis we proceed similarly. m

Remark 3.2 [t is easy to see that Coulson’s formula for the energy of digraphs is also valid for

multidigraphs in general.
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Corollary 3.3 If G be a digraph with n vertices then

+o00
E(G) = % / Z—flog I:an)g <;)}
Proof. By Theorem 3.1,
£@) = L [[o- el
oo Oq (ix)
B 1/0 [n i, (ix)] L 7[” iz, (m)} N
N ™) D¢ (ix) ™ / D¢ (ix)

we deduce that

and so

E@) - 71T<1l0g [t”% (;)
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4 Increasing property of the energy of digraphs

Consider the set D, j, consisting of digraphs with n vertices and every cycle has length h.

Theorem 4.1 If G € Dy, then the characteristic polynomial of G has the form

g =a"+> (-1)b(G, kh) 2" *" (11)
k>1

where b (G, kh) > 0 for every k > 1.

Proof. By Theorem 1.1, the companion coefficient of 2" %"

bin = Z (—1)comett)

LeLyp

is given by

Since every cycle of G has length h, it follows that
L € Ly, & L is a direct sum of k cycles of length h of G

Hence by, = (—1)"b(G, kh), where b(G,kh) > 0 is the number of linear subdigraphs of G
consisting of k cycles of length h. Furthermore, it is clear that b; = 0 if j is not a multiple of h,

because in this case £; = 0. m

Now we define a quasi-order relation over D, j,.

Definition 4.2 Let Gy and Ga elements of Dy . Then we define Gi = Gz if the following

condition holds:
b(Gy,kh) < b(Ge,kh) for every k > 1.

If G1 <X G2 and there exists k such that b(G1,kh) < b(Ga,kh) then G1 < Ga.

Clearly, this is a reflexive and transitive relation over Dy, j,.

Theorem 4.3 Let h be an integer of the form h = 4l — 2, where l > 1. Then the energy increases

with respect to the quasi-order relation defined over Dy, j,. In other words, if G1,G2 € Dy, then
G1 2 Gy = E(G1) < E(G9)
and

G <Gy = E(Gl) < E(Gz)
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Proof. Let B € D,, . Then by Theorem 4.1

op=a"+» (~1)"b(B,kh)a"*"
k>1

Then

- v 1+Z b (B, kh) i kA-2)
k>1

= — |1+> (-1 b(B,kh) 2" (—1) 7"

| k21

= — |14+ > b(B,kh)z™

L k>1
By Corollary 3.3
v Pae |
_ £z nt kh
E(B) = F/:CQlog 2" — 1+ b(B,kh)x
i k>1
= /log i" |14 " b(B, kh) 2"
i E>1
Since
7 d
X
—pw. | logli"] = =0
—p.v / og [i"]

where p.v. is the principal value of Cauchy’s integral, it follows that

“+o00
1 d
E(B):W/log 1+ b(B,kh)z" ;”23
o E>1

This clearly implies that the energy increases with respect to the quasi-order relation defined over
Dn,h- u
We next use Theorem 4.3 to study the problem of extremal values of the energy for various

classes of digraphs. As we mentioned before, a graph G can be considered as a digraph G, where

each edge of G corresponds to a cycle of length 2 in G. We can extend this idea: let h > 2 an
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integer and G a graph. We construct a family of digraphs from G as follows: to each edge uv of
G corresponds a directed path of length r from u to v and a directed path of length s form v to
u, in such a way that r + s = h. This family of digraphs associated to G is denoted by Dy, (G).
It is clear that if h = 2 then Dy (G) = {G}.

Example 4.4 Figure 4 shows some elements of D5 (G) for the given graph G.

Lt
o/'.ﬂ.\‘. os—°

\ /\'v\./“/\\‘.\‘o

° ° ‘

° ° o/ R
\o o> o> i
N N,

NN \\“\.

SR

Figure 4

When T is a tree then Dy, (T') has interesting properties.

Proposition 4.5 Let h > 2 an integer and T a tree with n vertices. Then

1. Dy (T) € Dpp, where p=(n—1)(h—2)+n;

2. If

then for every X € Dy, (T)
Oy =aP+ Y (1" b(T,2k)z" """
k>1

In particular, all digraphs in Dy, (T') are cospectral.

Proof. 1. By definition, it is clear that the unique cycles in X € Dy, (T') correspond to the
edges in T, and these have length h. Moreover, for each edge there are h —2 new vertices, together

with the vertices in 7" gives p = (n — 1) (h — 2) + n vertices in X.

2. By Theorem 1.1, the companion coefficient of 2" in ®x is > (=1)"PL) Since
LELpy

X € Dy, every cycle of X has length h and consequently, L € Ly, if and only if L is a direct
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sum of k disjoint cycles of length h. From the definition of X, this number is equal to the number

of k independent edges in T', which is exactly b (T, 2k). m

Theorem 4.6 Let h be an integer and T a family of trees with n vertices. Assume that L is a
minimal element and M is a maximal element of T  with respect to the quasi-order defined in

(2). Then every X € Dy (L) and Y € Dy, (M) are, respectively, minimal and mazimal elements

of
Dn(T)={Dy(T):TeT}
Proof. Let Z € Dy, (T') for some T' € 7. Since L < T < M , it follows from the second part
of Proposition 4.5 that X < Z <Y. m

Corollary 4.7 Let h be an integer of the form h = 4k — 2, where k > 1 and T a family of trees
with n vertices. If L is a minimal element and M is a mazimal element of T with respect to the
quasi-order relation, then the minimal energy in Dy (T) is attained in Dy (L) and the mazimal

energy is attained in Dy (M).

The previous Corollary states that if the extremal values (with respect to the quasi-order) of a

family of trees 7 are known then the extremal values of the energy in Dy, (7) can be determined.

Example 4.8 Let T be the family of all trees with n vertices. It is well known that the star S,
and the path P, are minimal and mazimal elements, respectively [3]. It follows that the digraphs

in Dy, (Sn) and Dy, (Py,) have minimal and mazimal energy, respectively, in Dy, (T).

Acknowledgement

Financial support was received from Consejo de Desarrollo Cientifico, Humanistico y Tecnologico

de la Universidad de Los Andes (Projects C-13490505B and C-1347-05-05-EM).

References

[1] D.M. Cvetkovic, M. Doob and H. Sachs, Spectra of graphs. Academic Press, New York 1980.

[2] J. Conway, Functions of One Complex Variable. Springer Verlag, 1973.




Coulson’s integral formula for digraphs 15

[3] I. Gutman, Acyclic systems with extremal Hiickel m-electron energy, Theoret. Chim. Acta
(Berlin) 45 (1977) 79-87.

[4] I. Gutman and O.E. Polansky, Mathematical Concepts in Organic Chemistry, Springer,
Berlin, 1986.

[5] I. Gutman, The energy of a graph: Old and new results, in: A. Betten, A. Kohnert, R. Laue,
A. Wasserman (Eds), Algebraic Combinatorics and Applications, Springer-Verlag, Berlin
2001, pp. 196-211.

[6] I. Gutman y Y. Hou, Bipartite unicyclic graphs with greatest energy, MATCH Commun.
Math. Comput. Chem., 43 (2001), 17-28.

[7] Y. Hou, Unicyclic graphs with minimal energy, J. Math. Chem. 29 (2001), 163-168.
[8] Y. Hou, Bicyclic graphs with minimal energy, Linear Multilinear Algebra, 49 (2002), 347-354.

[9] Y. Hou, I. Gutman y C.W. Wou, Unicyclic graphs with maximal energy, Linear Algebra
Appl. 356 (2002) 27-36.

[10] J. Koolen and V. Moulton, Maximal energy graphs, Adv. Appl. Math. 26, 47-52 (2001).

[11] J. Koolen and V. Moulton, Maximal energy bipartite graphs, Graphs and Combinatorics,
19(1), 2003, 131-135.

[12] D. Morales, Bounds for the Total m-Electron Energy, International J. Quantum Chem., 88,
(2002), 317-330.

[13] J. Rada y A. Tineo, Upper and lower bounds for the energy of bipartite graphs. Journal of
Mathematical Analysis and Applications 289 (2) (2004) 446-455.

[14] J. Rada and A. Tineo, Polygonal chains with minimal energy. Linear Algebra Appl. 372
(2003) 333-344.

[15] J. Rada, Energy ordering of catacondensed hexagonal systems. Discrete Applied Mathemat-
ics, 145 (2005) 437-443.

[16] F. Zhang y H. Li, On acyclic conjugated molecules with minimal energies, Discrete Appl.
Math., 92 (1999), 71-84.

[17] F. Zhang, Z. Li and L. Wang, Hexagonal chains with minimal total m-energy, Chem. Phys.
Letters 337 (2001) 125-130.




16

Ismael Peria and Juan Rada

[18] F. Zhang, Z. Li and L. Wang, Hexagonal chains with maximal total m-energy, Chem. Phys.

Letters 337 (2001) 131-137.

JUAN RADA

Departamento de Matematicas,Facultad de Ciencias,
Universidad de Los Andes

Meérida 5101, Venezuela

e-mail: juanrada@Qula.ve

ISMAEL PENA.
Departamento de Matematicas,
Universidad de Los Andes,
Mérida 5101, Venezuela

e-mail: ismaelfpb@Qula.ve




