
Revista Notas de Matemática
Vol.7(2), No. 318, 2011, pp. 177-185
http://www.saber.ula.ve/notasdematematica
Pre-prints
Departamento de Matemáticas
Facultad de Ciencias
Universidad de Los Andes

Matrix representation for involute curves of biharmonic curves
in terms of exponential maps in the special three-dimensional

φ−Ricci Symmetric Para-Sasakian Manifold P

Talat KÖRPINAR, Essin TURHAN and Vedat ASİL

Abstract

In this paper, we study involute curve of biharmonic curve in the special three-dimensional
φ−Ricci symmetric para-Sasakian manifold P. We obtain matrix representation for involute
curve of biharmonic curve in terms of curvature and torsion of biharmonic curve in the special
three-dimensional φ−Ricci symmetric para-Sasakian manifold P.
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1 Introduction

There are several methods to render matrices into a more easily accessible form. They are

generally referred to as matrix transformation or matrix decomposition techniques. The interest

of all these decomposition techniques is that they preserve certain properties of the matrices in

question, such as determinant, rank or inverse, so that these quantities can be calculated after

applying the transformation, or that certain matrix operations are algorithmically easier to carry

out for some types of matrices.

Matrices can be generalized in different ways. Abstract algebra uses matrices with entries in

more general fields or even rings, while linear algebra codifies properties of matrices in the notion

of linear maps. It is possible to consider matrices with infinitely many columns and rows. Another

extension are tensors, which can be seen as higher-dimensional arrays of numbers, as opposed to

vectors, which can often be realised as sequences of numbers, while matrices are rectangular or

two-dimensional array of numbers. Matrices, subject to certain requirements tend to form groups

known as matrix groups.
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The aim of this paper is to study matrix representation of involute curves in terms of expo-

nential maps in the special three-dimensional φ−Ricci symmetric para-Sasakian manifold P.

In this paper, we study involute curve of biharmonic curve in the special three-dimensional

φ−Ricci symmetric para-Sasakian manifold P. We obtain matrix representation for involute

curve of biharmonic curve in terms of curvature and torsion of biharmonic curve in the special

three-dimensional φ−Ricci symmetric para-Sasakian manifold P.

2 Special Three-Dimensional φ−Ricci Symmetric Para-Sasakian
Manifold P

An n-dimensional differentiable manifold M is said to admit an almost para-contact Riemannian

structure (φ, ξ, η, g), where φ is a (1, 1) tensor field, ξ is a vector field, η is a 1-form and g is a

Riemannian metric on M such that

φξ = 0, η (ξ) = 1, g (X, ξ) = η (X) , (2.1)

φ2 (X) = X − η (X) ξ, (2.2)

g (φX, φY ) = g (X, Y )− η (X) η (Y ) , (2.3)

for any vector fields X, Y on M [1].

We consider the three-dimensional manifold

P =
{(

x1, x2, x3
) ∈ R3 :

(
x1, x2, x3

) 6= (0, 0, 0)
}

,

where
(
x1, x2, x3

)
are the standard coordinates in R3. We choose the vector fields

e1 = ex1 ∂

∂x2
, e2 = ex1

(
∂

∂x2
− ∂

∂x3

)
, e3 = − ∂

∂x1
(2.4)

are linearly independent at each point of P. Let g be the Riemannian metric defined by

g (e1, e1) = g (e2, e2) = g (e3, e3) = 1,
g (e1, e2) = g (e2, e3) = g (e1, e3) = 0.

(2.5)

Let η be the 1-form defined by

η(Z) = g(Z, e3) for any Z ∈ χ(P).
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Let be the (1,1) tensor field defined by

φ(e1) = e2, φ(e2) = e1, φ(e3) = 0. (2.6)

Then using the linearity of and g we have

η(e3) = 1, (2.7)

φ2(Z) = Z − η(Z)e3, (2.8)

g (φZ, φW ) = g (Z, W )− η(Z)η(W ), (2.9)

for any Z, W ∈ χ(P). Thus for e3 = ξ, (φ, ξ, η, g) defines an almost para-contact metric structure

on P [1].

Let ∇ be the Levi-Civita connection with respect to g. Then, we have

[e1, e2] = 0, [e1, e3] = e1, [e2, e3] = e2.

Taking e3 = ξ and using the Koszul’s formula, we obtain

∇e1e1 = −e3, ∇e1e2 = 0, ∇e1e3 = e1,

∇e2e1 = 0, ∇e2e2 = −e3, ∇e2e3 = e2,

∇e3e1 = 0, ∇e3e2 = 0, ∇e3e3 = 0.
(2.10)

Moreover we put

Rijk = R(ei, ej)ek, Rijkl = R(ei, ej , ek, el),

where the indices i, j, k and l take the values 1, 2 and 3.

R122 = −e1,, R133 = −e1,, R233 = −e2,

and

R1212 = R1313 = R2323 = 1. (2.11)
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3 Biharmonic Curves in the Special Three-Dimensional φ−Ricci
Symmetric Para-Sasakian Manifold P

Biharmonic equation for the curve γ reduces to

∇3
TT−R (T,∇TT)T = 0, (3.1)

that is, γ is called a biharmonic curve if it is a solution of the equation (3.1).

Let us consider biharmonicity of curves in the special three-dimensional φ−Ricci symmetric

para-Sasakian manifold P. Let {T,N,B} be the Frenet frame field along γ. Then, the Frenet

frame satisfies the following Frenet–Serret equations:

∇TT = κN,
∇TN = −κT + τB,
∇TB = −τN,

(3.2)

where κ is the curvature of γ and τ its torsion and

g (T,T) = 1, g (N,N) = 1, g (B,B) = 1,

g (T,N) = g (T,B) = g (N,B) = 0.

With respect to the orthonormal basis {e1, e2, e3}, we can write

T = T1e1 + T2e2 + T3e3,
N = N1e1 + N2e2 + N3e3,
B = T×N = B1e1 + B2e2 + B3e3.

(3.3)

Theorem 3.1. All of biharmonic curves in the special three-dimensional φ−Ricci symmetric

para-Sasakian manifold P are helices.

4 Involute Curves of Biharmonic Curves in the Special Three-
Dimensional φ−Ricci Symmetric Para-Sasakian Manifold P

Definition 4.1. Let unit speed curve γ : I −→ P and the curve Θ : I −→ P be given. For ∀s ∈ I,

then the curve Θ is called the involute of the curve γ, if the tangent at the point γ(s) to the curve
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γ passes through the tangent at the point Θ(s) to the curve Θ and

g (T∗ (s) ,T (s)) = 0. (4.1)

Let the Frenet-Serret frames of the curves γ and Θ be {T,N,B} and {T∗,N∗,B∗}, respec-
tively.

Theorem 4.2. (see [12]) Let γ : I −→ P be a non-geodesic biharmonic curve in the special

three-dimensional φ−Ricci symmetric para-Sasakian manifold P. Then,

Aγ =
√
−T R (A2)(− cosϕ, sinϕe−s cos ϕ+C1 (sin [ks + C] + cos [ks + C]) ,

sinϕe−s cos ϕ+C1 sin [ks + C]),

A2γ =

(√
T R(A4)

)

κ (− sin2 ϕ
2 s2 + C1s + C2,

e−
sin2 ϕ

2
s2+C1s+C2 (k sinϕ sin [ks + C] + cosϕ sinϕ cos [ks + C])

+e−
sin2 ϕ

2
s2+C1s+C2 (−k sinϕ cos [ks + C] + cosϕ sinϕ sin [ks + C]) ,

−e−
sin2 ϕ

2
s2+C1s+C2 (−k sinϕ cos [ks + C] + cosϕ sinϕ sin [ks + C])),

(4.2)
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A3γ =

(√
−T R (A2)

)3

κ
[

T R (A6
)

(√
−T R (A2)

)6 −
(T R (A4

))2

(√
−T R (A2)

)5 ]
1
2 (− sinϕe−s cos ϕ+C1(sin [ks + C]

+ cos [ks + C])e−
sin2 ϕ

2
s2+C1s+C2 .(−k sinϕ cos [ks + C] + cosϕ sinϕ sin [ks + C])

− sinϕe−s cos ϕ+C1 sin [ks + C] e−
sin2 ϕ

2
s2+C1s+C2((k sinϕ sin [ks + C] + cosϕ sinϕ cos [ks + C])

+ (−k sinϕ cos [ks + C] + cosϕ sinϕ sin [ks + C])),

(−sin2 ϕ

2
s2 + C1s + C2) sinϕe−s cos ϕ+C1 sin [ks + C]

− cosϕe−
sin2 ϕ

2
s2+C1s+C2 (−k sinϕ cos [ks + C] + cosϕ sinϕ sin [ks + C]) ,

− cosϕe−
sin2 ϕ

2
s2+C1s+C2((k sinϕ sin [ks + C] + cosϕ sinϕ cos [ks + C])

+ (−k sinϕ cos [ks + C] + cosϕ sinϕ sin [ks + C]))

− sinϕe−s cos ϕ+C1 (sin [ks + C] + cos [ks + C]) (−sin2 ϕ

2
s2 + C1s + C2)

− T R (A4
)

(√
−T R (A2)

)(− cosϕ, sinϕex1
(sin [ks + C] + cos [ks + C]) , sinϕex1

sin [ks + C]).

where C, C1, C2 are constants of integration and k =
√

κ2−sin2 ϕ
sin ϕ .

Now, let us define a special form of Definition 4.1.

Lemma 4.3. Let γ : I −→ P be a regular curve in the special three-dimensional φ−Ricci
symmetric para-Sasakian manifold P. Then,

Θ(s) = γ (s) + (Λ− s)
Aγ√

−T R (A2)
. (4.3)

Proof. Using Theorem 4.2, we immediately obtain

T =
Aγ√

−T R (A2)
.

According to the definition of Involute curve we have (4.3).
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Theorem 4.4. (see [12]) Let γ : I −→ P be a non-geodesic biharmonic curve in the special

three-dimensional φ−Ricci symmetric para-Sasakian manifold P. Then the new curvatures of this

curve are

κ = −
√
T R (A4)
T R (A2)

, (4.4)

τ = <[
−T R (A6

)
(√

−T R (A2)
)4 √

T R (A4)
−

(T R (A4
)) 3

4

(√
−T R (A2)

)6 ],

where < = [
T R(A6)(√
−T R(A2)

)6 − (T R(A4))2

(√
−T R(A2)

)5 ]−
1
2 .

Using above Lemma and Theorem we have following result:

Theorem 4.5. Let γ : I −→ P be a unit speed biharmonic curve and Θ its involute curve on

P. Then,

x1
Θ (s) = −Λcos ϕ + C1,

x2
Θ (s) = C2 − sin3 ϕ(T R(A2))2

T R(A4)−(T R(A2))2 sin4 ϕ
e−s cos ϕ+C1([Ω + cosϕ] cos [Ωs + C]

+ [−Ω + cosϕ] sin [Ωs + C]) + (Λ− s) sinϕex1
(sin [Ωs + C] + cos [Ωs + C]) ,

x3
Θ (s) = C3 − sin3 ϕ(T R(A2))2

T R(A4)−(T R(A2))2 sin4 ϕ
e−s cos ϕ+C1(− cosϕ cos [Ωs + C]

+ [Ωs + C] sin [Ωs + C]) + (Λ− s) sinϕex1
sin [Ωs + C]),

(4.5)

where Λ, C, C1, C2, C3 are constants of integration and Ω =
[√

T R(A4)−(T R(A2))2 sin2 ϕ
(T R(A2)) sin ϕ

]

Proof. If we substitute (4.2) into (4.3), we have above system, which completes the proof.
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