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Abstract

In this paper we prove the interior controllability of the strongly damped wave equation
with Dirichlet boundary conditions

wyy + (=AY 2w + y(=A)w = 1,u(t,z), in (0,7) x Q,
w =0, in (0,7) x 09,
w(0,z) = wo(x), w(0,2)=w(x), in Q,

in the space Z1 ;2 = D((—A)'/2) x L*(Q), where Q is a bounded domain in IR", w is an open
nonempty subset of €2, 1, denotes the characteristic function of the set w, the distributed
control u € L?(0,7; L?(2)) and 7, v are positive numbers. We shall prove that for all 7 > 0
and any nonempty open subset w of Q the system is approximately controllable on [0, 7].
Moreover, we exhibit a sequence of controls steering the system from an initial state to a final
state in a prefixed time.

key words. Strongly damped wave equation, interior approximate controllability, strongly con-

tinuous semigroups
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1 Introduction

The interior approximate controllability is a well known, fascinating and important subject in
systems theory; there are some important works in this area, including [17], [18], [19], [20] and
[21]. In particular, Zuazua in [21], proves the interior approximate controllability of the heat
equation
2z = Az + 1yu(t,z), in (0,7)xQ,
z=0, on (0,7) x 09, (1.1)
2(0,z) = zo(), in Q,
in two different ways. In the first one, he uses the Hahn-Banach theorem, integration by parts,

the adjoint equation, the Carleman estimates, and the Holmgren uniqueness theorem([14]). The
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second method is constructive and uses a variational technique: fix the control time 7 > 0, the
initial and final state zg = 0, 21 € L?(€2) respectively and e > 0; the control steering the initial
state zg to a ball of radius € > 0 and center z; is given by the point in which the following

functional achieves its minimum value

1 [T
JE(SDT) = 5/0 /(102dxdt+€||(107'”[/2(9) _/QZ1(707'7

where ¢ is the solution of the corresponding adjoint equation with initial data ¢, .

In [11], S. Chen and R. Triggiani proved that the uncontrolled dynamics (corresponding to
u = 0) generates an analytic semigroup in a very general setting, in [2] Avalos and Lasiecka
studied the null controllability for the structurally damped abstract wave equation given by:

{ wy + pA%w; + Aw = u(t), te(0,7)
ZU(O) = Wo, wt(o) = wi,

where, 0 < a < 1, [wo,w1] € D(A%) x H, H is a Hilbert space, u € L?(0,7; H) (the control acts
on the whole set Q if H = L?(Q)) and A : D(A) C H — H is a strictly positive, self-adjoint
operator. Also, in [3]|, G. Avalos and P. Cokely studied the boundary local null controllability of

structural damped elastic systems of the form:

wy — pAw; + A?w = 0, in (0,7) x Q,
w = uy, on (0,7) x 09,
Aw = ug, on (0,7) x 09,

w(0,2) = wo(z), wi(0,z)=wi(z), in €Q,

Another works concerning with structurally damped elastic systems are the papers [6] and [7] by
A.N. Carvalho and J.W. Cholewa, where the authors studied the existence of an attractor for the

following strongly damped wave equation with critical nonlinearities

wy + (—A)*w; = A)w + f(w), in (0,00) x Q,
w=0, on (0,7) x 09,
[w(O),wt(O)] - [wo,wl] S H(%(Q) X L2(Q)7

where a € [, 1].

A new technique is used in [15] to prove the interior approximate controllability of the fol-

lowing broad class of reaction diffusion equations in the Hilbert space Z = L%(Q) given by
7= —Az+ 1,u(t), te[0,7],

where ) is a domain in /IR", w is an open nonempty subset of 2, 1, denotes the characteristic

function of the set w, the distributed control u € L?(0,7; L?(2)) and A : D(A) C Z — Z is an
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unbounded linear operator with the spectral decomposition: Az = Z]Oil Aj ZZ’ZI < 2,05k > Pjk-
The eigenvalues 0 < Ay < A2 < --- < -+ A, — 00 of A have finite multiplicity ~; equal to
the dimension of the corresponding eigenspace, and {¢;} is a complete orthonormal set of
eigenvectors of A. Then, the controllability of the nD heat equation (1.1) follows trivially from
this result by putting A = —A.

Following [15], in this paper we study the interior approximate controllability of the strongly
damped wave equation
Wy + U(_A)l/zwt + ’Y(_A)w - 1wU(t,1’), in (077—) X Qa
w =0, in (0,7) x 09, (1.2)
w(0,2) = wo(z), w(0,z)=wi(x), in Q,
in the space Z;/, = D((—A)/?) x L?(Q), where Q is a bounded domain in IR", w is an open
nonempty subset of 2, 1, denotes the characteristic function of the set w and the distributed

control u € L?(0,7; L?(£2)).

The controllability of similar systems, with the controls acting on the whole set 2 was studied
in [1]. Here we first prove the approximate controllability of the following strongly damped wave
equation with the controls acting on €2
wy + n(—=A) 2w, + y(=A)w = u(t,z), in (0,7) x Q,
w =0, in (0,7) x 09, (1.3)
w(0, ) = wo(x), wt(0, x) = wi(z), in €.
Then we focus on proving the interior approximate controllability of the system (1.2). This is
an important problem from both, theoretical and applications point of view, since the control is

acting only on a subset of €.

Also, we note that, for finite dimensional linear systems, all the concepts of controllability
are equivalent(exact controllability, approximate controllability and null controllability); however,
for infinite dimensional systems these concepts are completely different. Actually, there exist a
broad class of infinite dimensional systems that are approximately controllable, but never exactly
controllable(see [8]); namely, those systems associated with compact semigroups, particularly, the

heat equation and some diffusive processes.

In this paper we shall prove that, for all 7 > 0 and an open nonempty subset w of €, the
system (1.2) is approximately controllable on [0,7]. Moreover, we can exhibit a sequence of
controls steering the system from an initial state to a final state in a prefixed time (see Theorem

A1),
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This technique is based in the following results:

Theorem 1.1 /9], [15] The eigenfunctions of —A with Dirichlet boundary condition on Q are

real analytic functions.

Theorem 1.2 [}/ Suppose Q C IR" is an open, non-empty and connected set, and f is a real

analytic function in Q with f =0 on a non-empty open subset w of Q2. Then, f =0 in Q.

2 Formulation of the Problem

In this section we shall choose the space where this problem will be set up as an abstract control
system in a Hilbert space. Let X = L?(Q) = L?*(Q,IR) and consider the linear unbounded
operator A : D(A) C X — X defined by A¢p = —A¢, where

D(A) = H*(Q,R) N H}(Q, IR). (2.4)

Then, the eigenvalues A; of A have finite multiplicity 7; equal to the dimension of the correspond-

ing eigenspaces and 0 < A\; < A9 < --- < A\, — 00. Moreover,

a) there exists a complete orthonormal set {¢;} of eigenfunctions of A

b) for all x € D(A) we have

o0 Vi [e%¢]
Az =" N> <a, 65> b= > NEja, (2.5)
j=1 k=1 j=1
where < -,- > is the usual inner product in L? and
Vi
Ejx =Y <z,0jk > $jk, (2.6)
k=1

which means the set {Ej}i‘;l is a complete family of orthogonal projections in X and z =

[ee)

> Ejx, ze€X,

j=1

¢) —A generates an analytic semigroup {e~*} given by

e Ay = Z e M B, (2.7)
j=1

d) The fractional powered spaces X" are given by:
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[e.9]
X' =DA") ={reX: ZA%’”HE,@:UHZ < oo}, >0,

n=1

with the norm

o 1/2
Izl = || A"z = {Z Ai’”HEanQ} ,ze X", and

n=1

A"z =Y "N By (2.8)
n=1

Also, for r > 0 we define Z, = X" x X, which is a Hilbert space endowed with the norm given

B

Proposition 2.1 The operator Pj : Z, — Z., j >0, defined by

= [lw]]? + [lv].

2
Z,

E; 0 .
R >
PJ |: 0 Ej :| ) = 1 ’ (29)

is a continuous(bounded) orthogonal projections in the Hilbert space Z,.

Proof. First we shall show that P;(Z,) C Z,, which is equivalent to show that E;(X") C X".

In fact, let  be in X" and consider F;x. Then

9]
Y NTNEEjz|* = X[ Eja|® < oo
n=1

Therefore, Ejxr € X", Vo € X".
Now, we shall prove that this projection is bounded. In fact, from the continuous inclusion

X" C X, there exists a constant £ > 0 such that
]l < Ellzll, Ve e X"

Then, for all x € X” we have the following estimate

o0
|Bsl? = AT Ea|? = 3 | Bjal?
n=1

IN

A Nl < AT k27

Hence ||Ejz| < A7k||z[|;, which implies the continuity of E; : X" — X". So, P; is a continuous

projection on Z,.
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a
Hence, the equations (1.2) and (1.3) can be written respectively as an abstract second order

ordinary differential equations in X as follows

w" + AV + yAw = 1,u, t € (0,7]. (2.10)

w" + AV 4y Aw = u, t € (0,7] (2.11)

With the change of variables w’ = v, we can write the second order equations (2.10) and (2.11) as

a first order system of ordinary differential equations in the Hilbert space Z = Z; /5 = X 12 X

as follows:

2 =Az+ Bou z € Zyp, (0,7], (2.12)

2 =Az+Bu z€ Zy, (0,7], (2.13)
where

w 0 0
[o)ome 0 e [0) 219
and
B 0 Ix

is an unbounded linear operator with domain D(A) = D(A) x D(AY?).

As we had mentioned in the introduction this operator A generates a strongly continuous
semigroup {7T'(t)},5, in the space Z = Z; 5 = X1/2 % X, which is also analytic ( see [11], S. Chen
and R. Triggiani). Now, using Lemma 2.1 from [16] or Lemma 3.1 from [10], one can get the

following representation for this semigroup.

Proposition 2.2 The semigroup {T(t)}tzo generated by the operator A has the following repre-

sentation

T(t)z = Z eAJ'tsz, 2 € Zyp, t20, (2.16)
nj=1
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where {Pj}j>0 is a complete family of orthogonal projections in the Hilbert space Zy /5 given
by (2.9) and

0 1

Aj = R;jP;, Rj= oy gl
J

] Li> 1 (2.17)

Moreover, et = eRJ'tPj, the eigenvalues of R; are:

/2
A= —A;/Q <4Hi 772 4'7) ,J=1,2,.

ey

and

A =RiP, R} =

0 -1
1/2 .
YA _77)‘]‘/

3 Controllability of System (2.13)

In this section we prove approximate controllability of the system (2.13). First we give the
definition of approximate controllability for this system. To this end, for all 29 € Z = Z; 5 and
u € L?(0,7;U) the initial value problem

{ 2= Az+ Bu(t),z € Z

2(0) = 20, (3.18)

where U = L?(Q) and the control function u belongs to L2(0, 7;U), admits only one mild solution

given by
z(t) =T(t)zo + /OtT(t — s)Bu(s)ds, te€|0,7]. (3.19)

Definition 3.1 (Approximate Controllability) The system (2.13) is said to be approximately con-
trollable on [0, 7] if for every zy, 21 € Z and ¢ > 0 there exists u € L*(0,7;U) such that the
solution z(t) of (3.18) corresponding to u verifies:

2(0) = z9, and ||z(7) — z1]| < e.

Definition 3.2 For the system (2.13) we define the following concepts:
a) The controllability map (for 7> 0) B™ : L*(0,7;U) — Z is given by

BTu:/O T(s)Bu(s)ds. (3.20)




Interior Controllability of a Strongly Damped Wave Equation 55

b) The grammian map Lp- : Z — Z is defined by Lg- = B"B™, i.e.,

Lgrz=B"B"u = / T(s)BB*T*(s)zds.
0

The following lemma is trivial:

Lemma 3.1 The equation (2.13) is approximately controllable on [0, 7] if and only if
Rang(B™) = Z.

The following theorem holds in general for evolution equations and follows from the above lemma

and a characterization of range dense linear operator.

Theorem 3.1 [13] The equation (2.13) is approximately controllable on [0, 7] if, and only if, one
of the following statements holds:

(i) Ker(B™) = {0}.
(ii) (Lprz,z) >0, z# 0 in Z.
(i1i) B*T*(-)z=0= 2z =0.
The following corollary is easy to prove and allows us to find a formula for a sequence of controls
steering the systems from initial state zg to an e-neighborhood of the final state z; at time 7 > 0.

Corollary 3.1 The equation (2.13) is approximately controllable on [0, 7] if, and only if,

lim a(al + Lg-)"t2=0, z€Z (3.21)

a—0t

Now, using part ii) from the foregoing theorem and Corollary 3.1, it is not hard to prove the

following theorem:

Theorem 3.2 The system (2.13) is approximately controllable on [0,7]. Moreover, a sequence
of controls steering the system (2.13) from initial state zo to an € neighborhood of the final state

z1 at time 7 > 0 is given by
ua(t) = B*T(1 — t)(al + Lg-) " (21 — T(1)20),
and the error of this approximation E, is given by

Eo = a(al + L)~ (21 = T(7)20).-
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4 Proof of the Main Theorem

In this section we shall prove the main result of this paper on the interior approximate control-
lability of the linear system (2.12). To this end, we observe that the definition of approximate
controllability for system (2.12) is similar to the one given for system (2.13) and, for all zy € Z
and v € L?(0,7;U) the initial value problem

{ 2/ = Az+ Byu(t),z € Z

2(0) = 2, (4.22)

where the control function u belongs to L?(0,7;U), admits only one mild solution given by
¢
z(t) = T(t)zo +/ T(t — s)B,u(s)ds, t€[0,7]. (4.23)
0
To prove the main result, we need the following two lemmas:

Lemma 4.1 /5]

Let {ou;}i>1, {B1,j}j>1 and {agj}j>1, {P2,;}j>1 be sequences of real numbers such that: oy >
Qip > 3-c Qo > Qi > g - and ary > agj, forall j =1,2,3,.... Then, for any 7 > 0

we have o
Z{ealjtﬂl,j + €a2jt52,j} = 07 VYt € [0,7’],
j=1

Bij=Pa;=0, j=1,2,---,00.

Lemma 4.2 Let {aj}j>1, {vj}i>1, and {Bij}j>1, {B2,j}j>1 be sequences of real numbers such

that: o > g > ag---. Then, for any T > 0 we have
o
D {ela gy s el =gy Y =0, Ve l0,7],  i=V-L (4.24)
j=1

iff

ﬁl,j:ﬁQ,jzov ]:1727 , OQ.

Proof.

We use the same idea for the proof of Lemma 3.14 from [12] and Theorem 4.2.1 from [13]. In
fact, because of the analyticity we may extend (4.24) for ¢ > 0. Then, for all ¢ > 0 we have

D AL el Gy h =Y e By + e By} = 0. (4.25)

j=1 j=1
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Then, putting o; = a1 + 0, with o; < 0, and dividing (4.25) by oy we get

o0
cos yt(f1,1 + P2,1) +isinyt(B1,1 — F2,1) + Z e {cos yt(B1,; + Baj) + isinyt(Bi; — Baj)} = 0;

=2

and passing to the limit as ¢ — co we obtain that

tgrgo{cos Yt(Br1 + P2,1) +isinyt(Bry — P2,1)} = 0.

ie.,

lim cosyt(B11 + f2,1) = lim sinvyt(511 — F2,1) = 0.

=00 t—o0
Hence,

Br,1+ P21 =0
7 ' < = — O
{ B11— P21 =0 P11 = B2

Therefore,

[ee]
> et {cos t(Br; + Ba) +isinyt(Bry — Ba)} =0, VE>0,
=2

with 09 > 03 > 04---.

So, in a similar manner we can prove that 81 ; = 32 ; = 0.

Now, we are ready to formulate and prove the main result of this work.

Theorem 4.1 If n? # 4, then for all T > 0 and all open nonempty subset w of Q0 the system

(2.12) is approximately controllable on [0, T].

Moreover, a sequence of controls steering the system (2.12) from initial state zy to an €

neighborhood of the final state z1 at time T > 0 is given by
ua(t) = BXT(t —t)(ad + L) (21 — T(7)20),
and the error of this approzimation E,, is given by
E, = alal + Lg- )" (21 — T(1)20),

where

BTu:/O T(s)B,u(s)ds,

Lprz=B"B"u = / T(s)B,B:T*(s)zds.
0
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Proof. We apply Theorem 3.1 to prove the controllability of system (2.12). To this end, we
observe that

o0
t)z:ZeA;tsz, z€Z, t>0, Bi=[0 1.1].
=1

Casel. 7% > 4. In this case the eigenvalues of the matrix R; are real and simple. Then, there

exists a family of complete complementary projections {qi1(j), g2(j)} on IR? such that

Rt AZput s n—/n?— 4y VP-4

1
: . Y *( -
= NG () + NG (), = TV, < TV

Therefore,

[e'¢) oo 2
BiT*(t)z =Y Bre'i'Prz=>"> ¢ 3} i PUBL Pz,
i=1 i=

1s=1
where Ps j = ¢s(j) Pj = Pjqs(j)-
Suppose now that BXT*(t)z =0, Vt e [0,7]. Then,

co 2
BiT*(t)z = Y Breli'Pra=>" e A} iPBL P 2 = 0.

Jj=1 j=1 s=1

1
— Z{e—*? PI(BLP;2) () + e N P BL Py 2)(x)} = 0, Va e Q.
j=1

1
Since 0 < p1 < pa, the sequences {a1; = “Afpr: j=12,.. .}
1
and {agj = —A?pa2: j=1,2,...} satisfy Lemma 4.1. Then

(BLPr j2) () = (BLPs ;2)(x) =0, YreQ, j=12,....

Because
.- a? a% . .
() = 131 gosi=12 j=12,...,
Gg1 G
we get that
(B5P2)(x) = 1,[a¥ Ejz1(x) + agyBjz(2)] =0, Vo € Q.
That is,

(B5Pf2)(x) = a¥)Ejz(x) + ashEjze(x) =0, Va€w.

Also, we know from Theorem 1.1 that ¢;; are analytic functions, which implies the analyticity

of E;z;. Then, from Theorem 1.2 we get that

(BLFsj2)(x) = aélejzl(lL') + aészjZQ(lL') =0, Vrel
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Hence
BET* (t)z = Z BN Py = Z Ze(w 'B&Pr ;2 =0, Vte|o,T].
j=1s=1
From Theorem 3.2 we know that system (2.13) is approximately controllable, then from part iii)

of Theorem 3.1 we conclude that z = 0.

Case2. 7% < 4v. In this case the eigenvalues of the matrix R; are complex and given by
Qi + i’Yj, with:

s VA -
2

Then, there exists a family of complete complementary projections {q1(j), g2(j)} on IR? such that

1
aj:—)\; and ’yj—)\Q 1=1,2/3,....

N3

BXT*(t)z = ZB:ﬁA;tP;Z - Z{e(aj-‘ri“/)tB:}PijZ + e(aj—i“/)tB;PQ*JZ}
j=1 J=1

[e.9]
= Y e BLP 2+ e B P; 2}
j=1
where P j = qs(j)Pj = Pjqs(j). From here, applying Lemma 4.2, the approximate controllability
of system (2.12) follows in the same way as the case 1 .

Now, given the initial and the final states zy and z1, we consider the sequence of controls

uo(-) = BXT(r—)(al + Lp-) Yz — T(1)2)
= B™(al + Lg-) ' (21 — T(1)20), o >0.

Then,

B u, = Lg-(al+ Lgr) (2 — T(1)20)
= (al+ Lg- —oI)(al + Lgr) " (21 — T(1)20)
= 21— T(1)z — alal + Lgr) "' (21 = T(7)20).

From Corollary 3.1 we know that

lim a(al 4+ Lgr) " (21 — T(7)z0) = 0.

a—0t

Therefore,

aliHO1+ B uq = 21 — T(T)zp.

ie.,

a—0t

lim {T(7)z0 + /OT T(t — s)Byu(s)ds} = z1.
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This completes the proof of the theorem.

O

Corollary 4.1 Under the conditions of Theorem 4.1, the approzimate controllability of the system
(2.12) is equivalent to the approximate controllability of the system (2.13)

5 Final remarks

Our result can be formulated in a more general setting. Indeed, we can consider the following

second order evolution equation in a general Hilbert space Z

" 1/2,7 —
{ y" + A2y +yAy = Bu(t), te(0,7], (5.26)

y(0) =yo, ¥'(0) = y1,
where, A : D(A) C Z — Z is an unbounded linear operator in Z with the following spectral

decomposition:
i

Az:i)\j

< Z7¢j,k > (bj,lm

j=1 k=1
with the eigenvalues 0 < A\ < Ay < -+ < --- )\, — 00 of A having finite multiplicity v; equal
to the dimension of the corresponding eigenspaces, and {¢;} is a complete orthonormal set of
eigenfunctions of A. The operator —A generates a strongly continuous semigroup {7T'4(t)}i>0
given by

[e's} Vi

Ta(t)z = ZG_M Z <2, Pk > Pjk-

j=1 k=1

The control u € L?*(0,7;Z), and B : Z — Z is a linear and bounded operator(linear and

continuous). In this case the characteristic function set is a particular operator B, and the

following theorem is a generalization of Theorem 4.1.

Theorem 5.1 If n? # 4y and the vectors B*¢; . are linearly independent in Z, then the system
(5.26) is approxzimately controllable on [0, T].

An example of those kind of systems is the following partial differential equations modeling the
structural damped vibrations of a string or a beam:
Y — 280y + A%y = 1,u(t, x), on (0,7) % Q,
y=Ay =0, on (0,7) x 09, (5.27)
y(O, :L') = yO(x)v yt(ov :L') = y1($)7 in €,
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where 2 is a bounded domain in IR", w is an open nonempty subset of €2, 1, denotes the cha-

racteristic function of the set w, the distributed control u € L%(0,7; L?(Q2)) and yo,y1 € L*(Q).

Another interesting point in this work is that, we could exhibit a sequence of controls steering

the system from an initial state to a final state in a prefixed time, which is very important from

a practical and numerical point of view. Finally, we want to point out that this work adds to the

current literature a rigorous and at the same time simple technique that can be applied to a wide

range of problems, including heat, wave and thermoelasticity equations.
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