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1 Motivation: an Example

The theory of Discrete Event Systems (DES) is a research area of current
vitality. The development of this theory is largely stimulated by discovering



general principles which are (or are hoped to be) useful to a wide range of
application domains. In particular, technological and/or ‘man-made’ man-
ufacturing systems, communication networks, transportation systems, and
logistic systems, all fall within the class of DES. One of the key features
that characterize these systems is that . their dynamics are event-driven
as opposed to time-driven, i.e., the behavior of a DES is governed only by
occurrences of different types of events over time rather than by ticks of a
clock. '

In the literature, one can distinguish three main fields of activities, all
claiming and using the phrase ‘discrete event (dynamic) system’. In this
paper only one of the three fields will be discussed. For the other two, the
reader is referred to [5].

We will consider a closed network of railway connections and study ques-
tions related to the design of time tables according to which the trains run
within this network. Specifically, we will study the intercity network of the
Netherlands. This network, given in Figure 1, consists of 11 lines (routes
along which the trains run in both directions). An example of such a line
is the line with number 10 which starts (respectively terminates) at Am-
sterdam and terminates (respectively starts) at Vlissingen. There are no
circular lines, but inclusion of circular lines into the model would not con-
stitute any difficulties. We will not consider international connections: it
is assumed in our model that trains arriving at the border return direction
and continue in opposite direction (this is what actually happens with some
trains at some border stations). Hence the name ‘closed’ network. On each
line, both directions, there is a fixed number of trains which return at both
endpoints in the opposite direction. Thus each line can be considered as a
closed circuit (or as a circular line). The travelling times between stations
is given and assumed to be deterministic.

Suppose there is no time table. A very simple policy for trains to run
would be to drop and pick up passengers at stations and then directly con-
tinue. This is not very realistic since one would like trains to remain at a
station for some time such as to wait for other arriving trains and allow
change overs. Now suppose that realistic constraints are included which
state which trains have to wait for each other, at each station, such as to
allow change overs before the trains can continue on their respective lines.

Without an apriori time table, and with the constraints of trains waiting
for each other, how fast can the system operate? The actual time table
is based on a half hour schedule and hence from this fact of real life we
know that without time table the system must be ‘operable’ in a time of
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Figure 1: The Dutch intercity network



at most half an hour (this time will be indicated by A which turns out to
be equal to about 27 minutes). The difference between the actual half hour
and the theoretical A minutes is the flexibility in the system which causes
propagation of possible delays to disappear in finite time. Various questions
can be posed now, some of which are:

e How do perturbations progagate through the system and how long
does it take before they have completely disappeared? .

e If one would add an extra five minutes to all changeover times, is it still
possible to design a time table based on a half hour service? (answer:

yes).

e What are the crucial parts of the system which determine the minimum
operation time of A minutes? Suppose one could add some extra trains
to the system, on which lines should they be set in such as to reduce
this minimum operation time as much as possible?

e With the minimum operation time schedule, is it possible to have a
‘regular’ time table? With regular is meant here that if a train leaves
station A in the direction of station B, the next train in the same
direction will leave exactly A minutes later.

e The lines along which the trains run were supposed to be given. Is it
possible to design an ‘optimal line structure’?

Answers to most of these questions will be given in section 2, in Example 2.2.

2 The Max-Plus Algebra Approach to DES

This section starts with the modelling of an example, in terms of an ex-
tremely simple railway network, in subsection 2.1, and subsequently this
modelling is given a more abstract setting in subsections 2.2 and 2.3. In
the latter subsection the intercity network example as discussed above , is
revisited. Subsection 2.4 deals with the so-called «y-transform, which is the
max-plus algebra equivalent of the z-transform in the conventional theory
of linear difference equations. In subsection 3 various extensions are briefly
considered.



Figure 2: The two stations example

2.1 The Stage for the Max-Plus Approach :

In a metropolitan area there are two railway stations, S; and Sz, which are
interconnected by a railway system as indicated in Figure 2. This railway
system consists of an innercircle and of two outer circles. The trains on these
outer circles deliver and pick up passengers in the suburbs. The stations in
the suburbs have not been drawn since they do not play any role in the
model to be formulated.

Suppose there are four trains (two at each station) and they leave the
stations at time 0, one along each track. They reach the other (or the same)
station after a certain time which is indicated in the figure. The arriving
trains at a station have to wait for each other such as to allow the passengers
to change trains.

Figure 2 can easily be redrawn as an event graph. The two stations are
transitions and in the four railway tracks one can put a place. If a train is
running along a track, one puts a token in the place corresponding to this
track.

Suppose that there is no time table and that the trains leave directly
after the change over of the passengers at the stations and that the time
needed for change overs has been incorporated in the travelling time. This
‘travelling time’ was called ‘holding time’ in the theory of Petri nets (see
subsection 3.1). If this process of departing and arriving trains is continued,
the departure time z;(k+ 1) for the k + 1-st departure at station .S; satisfies

z1(k+1) = max(z,(k)+ 2, z2(k) + 5),

zo(k+1) = max(zi(k)+ 3, z2(k) + 3), (1)

for k=0,1,2,...
With z; = 0, z3 = 0, the evolution of equations (1) becomes

(6)= (3)= (5)= (3)- (3)~~

z(0) z(1) z(2) z(3) z(4)



This pattern of departure times shows a periodic solution superimposed on
a linear drift, the ‘period’ equals 2 and the average time between two sub-
sequent departures is 4. From a time table point of view (time tables must
be as ‘regular’ as possible), it is better to start with the initial departures
2y =1, 29 = 0, since then the evolution becomes

1 5 9 13
(o) (3) (3]~ ()
20 =) e(@) @)

where the interdeparture time is now exactly 4 at each station and thus the
departure times are very regular (they have ‘period’ 1). By trial and error it
turns out that, whatever the initial condition, after possibly a short transient
period of time, a periodic behavior of either period 1 or 2 is obtained with
(average) interdeparture times 4. A solution with an (average) departure
time smaller than 4 is not possible, since for a train to go around in the
innercircle costs 3+5 = 8 time units. There are two trains on the innercircle
and therefore the (average) interdeparture time is limited from below by
8/2 = 4.

With the above sketched railway system and trains it is not possible to
design a time table with interdeparture times smaller than 4. If one wants
a faster time table, one must change the problem. To this end, let us add a
train on the innercircle, such that three trains will run along this circle all
the time. Suppose that initially this extra train is situated at station .S;.
The equations for the departure times now become

zy(k+1) max(zy(k) + 2, z2(k) + 5), (2)
zo(k+1) max(z;(k — 1)+ 3, z2(k) + 3), (3)

which can be rewritten as a set of first order equations as
z1(k+1) = max(z,(k)+ 2, z2(k)+ 5),
zo(k+1) = max(z3(k) + 3, 22(k) + 3), (4)
z3(k+1) = z3(k).
With the initial condition z; = 0, z; = 0, 23 = 0 the evolution of the latter
set of equations becomes

0 8 11 14
0]—- 3 6 | — 9 — 12 | —»---
0 0 ( 5 8 11

z(0) z(1) z(2) z(3) z(4)



which shows, after a transient part, a regular behavior of ‘period’ 1 with
interdeparture times 3. This interdeparture time is caused by the outerloop
at station Sy; on this loop there is one train which needs 3 time units to
travel around. The innerloop is not the bottleneck anymore: this innerloop
itself would lead to a lower limit of 8/3 (travelling time of the loop divided
by the number of trains on this loop). In order to lower the interdeparture
times even more, one should add the next extra train to the outerloop of
Sy. If we do so, the equations for the departure times become

+

z1(k+1) = max(zi(k) +2, z2(k) + 5),
za(k+1) = max(zs(k) +3, 22(k - 1) + 3), (5) .
e3(k+1) = z1(k),

which can be rewritten as a set of first order equations as

zi(k+1) = max(z,(k)+2, z2(k) +5),
z2(k+1) = max(zz(k)+ 3, z4(k) + 3), (6)
z3(k+1) = z1(k),
za(k+1) = z(k)
If we start again with zero initial conditions, the solution becomes
10 13 16 18 21
. 8 11 . 13 R 16 R 19 ..
8 10 13 16 18
3 8 11 13 16
z(3 z(4) z(5) z(6) z(7)
(7)

This solution has a ‘period’ 3 (z;(k+3) = z;(k) +8, k > 4) and the average
interdeparture time is 8/3, which is caused by the innercircle. Another
solution results, with the same interdeparture time but with ‘period’ 1, if one
starts with the initial condition z;(0) = 5, z,(0) = 8/3, z3(0) = 7/3, z4 =
0. One then has z;(k+ 1) = z;(k) +8/3, : =1,2,3,4,and k= 0,1,....

2.2 Formalization

The basic form of the systems we will study is

2i(k+1) max(a;1 + z1(k), aiz + z2(k), . .., ain + z,(k))

max;(aij + zj(k)), i=1,...,n.

(8)



It is common practice to change the notation somewhat. Addition + will be
written as @ and max will be written as &. This change of notation makes
the resemblance with conventional linear difference systems visible:

av,~(k+1)=®(a,'j®:tj(k)), 1=1,...,n, (9)

J

which in vector notation will be written as

z(k+1) = A® z(k). (10)

Of the latter equation one speaks as a linear (difference) equation in the
max-plus algebra, this in clear analogy with linear difference equations in
the conventional, ‘plus-times’, algebra. If it is clear from the context that
the underlying algebra is the max-plus one, one even writes z(k+1) = Az(k)
for (10). If the initial condition for (10) is z(0) = o, then

Z'(l):A®fl?0 y

2(2)=AR2z(1)=AQ(AQz)) = (AR A) @z =A’Qzq .

It can be shown that indeed A® (A® z0) = (A® A) ® 2. For the example
given above it is easy to check this by hand. Instead of A ® A we simply
write A2. We get, for the general case,

z(k): (A®A®"'®A)®9;0:Ak®g;0 .

k times

The matrices A%, A3,..., can be calculated directly. Let us consider the

A-matrix of (1),
25

42 — max(2+2,5+3) max(2+55+3) ) (8 8
~ \ max(3+2,3+3) max(3+5,3+3) / \ 6 8

then

In general
(AYij=Pau®@ay; = max(aq + ai;) - (11)
I
In terms of the railway example, the quantity (A?2);; can be interpreted as the
maximum (with respect to [) of all connections from station S; via station



S; to station S;. One speaks of paths of length two between the stations S;
and S;. In graph-theory terminology, the stations are called nodes and the
tracks between stations are called arcs. More generally, (A¥);; denotes the
maximum of all paths of length k, starting at node j and ending at node 3.

In many networks such as a railway net there will not be an arc from
each node to each other node. If there is no arc from node S; to node S;
then the behaviour of node S; is not directly influenced by that of node S;.
In such a situation it is useful to consider the element a;; to be equal to’
—00. In (8) a term —oo 4 z;(k) does not influence z;(k+ 1) as long as (k)
is finite. The number —oco will occur frequently in the sequel and it will be
indicated by e.

Linear systems in the max-plus algebra with inputs and outputs are
given by

z(k+1) = Axz(k)® Bu(k) , (12)
y(k) = Cuz(k),
which is short-hand notation for
zi(k+1) = max(a; +2z1(k),...,ain+ za(k),
bit +ui(k), ..., bim + um(k)), t=1,...,n;
yi(k) = max(cii +21(k),...,cin+zn(k)), i=1,...,p.
A seeming generalization of (10) is
z(k+1)=Apz(k+1) @ A1z(k) - @ Apprz(k - 1), (13)

which is implicit in 2(k + 1) and which has extra delays. By repeated
substitution of the whole right-hand side of (13) for the term z(k + 1) in
this right-hand side, one gets

e(k+1)=AjA (k) - @ AJAip1z(k - 1) (14)

where

Ay =T® A DAL Al - -

The notation I refers to the identity matrix in the max-plus algebra: it has
zeros on the main diagonal and €’s elsewhere. Equation (14) only makes
sense if Aj is well defined (its elements are finite or ). This is for instance
the case if the precedence graph of A, see subsection 2.3, does not contain
circuits, because then A* = ¢ for k > n. Equation (14) can be rewritten as
a first order difference equation by augmenting the state space. This is a
standard trick in system theory and has already been used in subsection 2.1.



2.3 Periodic Behaviour

Given a square matrix A, we consider the problem of existence of eigenvalues
and eigenvectors in the max-plus algebra, that is, the existence of A and
v # € such that:

Av=2v . (15)

This equation has to be interpreted in the max-plus algebra sense; the ex-
pression Av means that one adds A to each component of v. We already*
have seen examples of eigenvalues and eigenvectors in subsection 2.1; v cor-
responds to an initial state resulting in a solution with ‘period’ 1 and A is
the interdeparture time.

Before formulating a theorem about eigenvalues, some graph theory must
be recapitulated. In the following definition the starting point is a square
matrix, the entries of which may again assume the ‘value’ €.

Definition 2.1 (Precedence graph). The precedence graph of an n x n
matriz A is a weighted digraph with n nodes and an arc (j,1) if ai; # €,
in which case the weight of this arc receives the numerical value of a;;. The
precedence graph is denoted G(A).

It is not difficult to see that any weighted digraph G := (V, &), with V being
the set of nodes and &£ being the set of arcs, is the precedence graph of an
appropriately defined square matrix. The weight a;; of the arc from node j
to node 7 is defined as the ¢j-th entry of a matrix A. If an arc does not exist,
the corresponding entry of A becomes €. The matrix A thus defined has G
as its precedence graph.

As we have seen before, the element (i, j) of A¥ = A®---® A, considered
within the max-plus algebra denotes the maximum weight with respect to
all paths of length k& which go from node j to node :. If no such path exists,
then (A4*%);; = e. The weight of a path p is denoted |p|w and its length is
denoted |p|;.

Definition 2.2. The mean weight of a path is defined as the sum of the
weights of the individual arcs of this path, divided by the length of this path.
If the path is denoted by p, then the mean weight equals |p|w/|p|1. If such
a path is a circuit one talks about the mean weight of the circuit, or simply
the cycle mean.

We are interested in the maximum of these cycle means, where the max-
imum is taken over all circuits in the graph. This number will be called the

10



mazimum cycle mean. If the cycle mean of a circuit equals the maximum
cycle mean, then the circuit is called critical. The graph consisting of all
critical circuits (if there happen to be more than one) is called the critical
graph and denoted by G¢. In the following theorem the notion ‘strongly
connected’ (di-)graph is used. A graph is called strongly connected if there
exists a path from any node to any other node. The matrix corresponding
to a strongly connected graph is called irreducible.

Theorem 2.1. We are given a square matriz A. If G(A) is strongly con-
nected, then there exists one and only one eigenvalue and at least one eigen-
vector. The eigenvalue is equal to the mazimum cycle mean of the graph:

|<]w

A = max —

¢ IKh

where ¢ ranges over the set of circuits of G(A).

Definition 2.3 (Cyclicity of a graph). Given a strongly connected graph,
its cyclicity equals the greatest common divisor of the lengths of all its cir-
cutts. The cyclicity of an arbitrary graph (which may consist of several
strongly connected subgraphs) equals the least common multiple of the cycli-
cities of all its mazimal strongly connected subgraphs.

Definition 2.4 (Cyclicity of a matrix). A matriz A is said to be cyclic
if there exist scalars M, \ and d such that Ym > M, A™t4 = X4A™, The
least such d is called the cyclicity of A. The quantity A equals the mazimum
cycle mean of A.

The expression A™*4 = A9A™ in the definition above must be interpreted
in the max-plus algebra sense of course. Thus A? in the max-plus algebra
means d in the conventional algebra and A?A™ refers to the addition of A¢
to each element of A™.

Theorem 2.2. Any irreducible matriz is cyclic. The cyclicity of the ir-
reducible matriz A equals the cyclicity of G°(A), being the critical graph
corresponding to matriz A.

Ezample 2.1. Consider the A-matrix of (6);

2 5 ¢ ¢
e ¢ 3 3
A_Usss
e 0 ¢ ¢



The corresponding precedence graph has three circuits, viz. from node 1 to
node 1 with cycle mean 2/1 = 2; from node 1 to 3 to 2 to 1 with cycle mean
(04 3+ 5)/3 = 8/3; from node 2 to 4 to 2 with cycle mean (04 3)/2 = 3/2.
(It is tacitly assumed here that node i corresponds to z;.) The maximum
cycle mean equals 8/3. There is only one critical circuit. The cyclicity of
the critical graph (which equals the critical circuit) equals 3. The quantities
of definition 2.4 are M =5, A = 8/3 and d = 3;

20 23 24 24 12 15 16 16
19 20 21 21 8 11 12 13 13
8 _ — (2y345 _
A" = 18 21 20 20 _(3)A 8 10 13 12 12
15 18 19 19 7 10 11 11

Ezample 2.2 (Intercity railway network (continued)). The problem descrip-
tion has been given in Section 1. With the theory just given, answers to the
various questions posed can be given now. The model which follows directly
from the problem description is of the form (13), with the vector = being
53-dimensional. (It has been described explicitly in [3].) After rewriting it
in the form of (10), a model with state vector of dimension 79 resulted. The
matrix A will not be given here: it is made up of the different travelling
times and standard change over times as set by the railway company. The
answer to question 4 turns out to be A = 275, The critical circuit (this
is not to be confused with a line of the net) turns out to be from Venlo
to Eindhoven to Utrecht to Amsterdam to Zandvoort aan Zee and back.
Hence if one wants a faster time table, one should add extra trains to a line
(or lines) which forms part of this critical circuit (i.e. the lines numbered
20 and 50). If one would add 5% minutes to all change over times, to be
incorporated into the model by adjusting the A matrix, then it turns out
that eigenvalue A = 30 minutes. Of course this eigenvalue is monotone with
respect to the duration of the change over times. The critical circuit in this
case with maximum change over time which allows a half hour time table is
Venlo to Eindhoven to Utrecht to Amsterdam to Haarlem to Den Haag HS
to Breda to Eindhoven to Venlo. If one would consider a very unfriendly way
of handling passengers by not waiting for them, i.e. trains would simply stop
at stations, deliver passengers and pick up passengers which happen to be
there and depart again, then we can design a faster time table. It turns out

12



that in this case A = 26%. The critical circuit is now Venlo to Eindhoven
to Breda to Den Haag CS and back.

The question of the design of an ‘optimal line structure’ cannot be
answered directly by an application of the theory. One can of course com-
pare different designs by calculating their critical circuits and minimum

interdeparture times. o

2.4 The y-Transform

Conventional linear systems with inputs and outputs are of the form (12),
though (12) itself has the max-plus algebra interpretation. This equation,
now considered in the conventional way, is a representation of a linear system
in the time domain. Its representation in the z-domain equals

Y(z) =C(zI - A)"'BU(z2) ,
where Y (z), U(z) are defined by

Y(z2)= Zy(i)z'i, Uz) = Zu(i)z’i ,
1=0 1=0

where it is tacitly assumed that the system was at rest for ¢ < 0 and where
I refers to the unit matrix in the conventional algebra. The matrix H(z) :=
C(zI — A)7!B is called the transfer matrix of the system.

In the max-plus algebra context, the z-transform also exists, but here it
is customary to refer to it as the y-transform where v operates as z=! and
is assumed to be real-valued. For instance, the y-transform of u is defined

as
o]

Uly) = Puli) @7, (16)

=0
and Y (y) and X () are defined likewise. Multiplication of (12) by v* yields

ylelk+ )M = A@a(k)yt @ B u(k)y, (17)
y(kv* = Coek)r* .
If these equations are summed with respect to k = 0,..., and if we add

v~ 1zo to both sides of the first equation thus obtained, then we obtain

Y1X(7) = A®X(7)®BeU(Y)®v 20 }

Y(n) = COX(). 1e)

13



The first of these equations can be solved by first multiplying (max-plus
algebra), equivalently adding (conventional), left- and right-hand side by v
and then repeatedly substituting the right-hand side for X () within this
right-hand side. This results in

X(v) = (vA)"(vBU(v) ® 20) -

Thus we obtain Y (y) = H(y)U(7), provided that 29 = €, and where the
transfer matrix H (v) is defined by

H(7)=C® (7A)"®@7®B=7CB®~+*CAB®y’CA’B® - -- (19)

The expression Y (y) = H(y)U(7) is the max-plus algebra equivalent of
Y (z) = H(2)U(z) in the conventional system theory. If one writes

H(z)=C(z] — A)'B = C(%I ~ A)'B=~C(I - vA)"'B =

yC(I+vA+~2A% +..)B,

one has obtained the equivalence of (19) in the conventional sense!

The transfer matrix (19) is defined by means of an infinite series and the
convergence depends on the value of 4. If the series is convergent for v = 7/,
then it is also convergent for all v’s which are smaller than +’. If the series
does not converge, it still has a meaning as a formal series.

Exactly as in conventional system theory, the transfer matrix is especially
useful when subsystems are combined to build larger systems, by means
of parallel, series and feedback connections. For instance, the product of
two transfer matrices (of which it is tacitly assumed that the sizes of these
matrices are such that the multiplication is possible), is a new transfer mat-
rix which refers to a system which consists of the original systems put into
a series connection.

Suppose that H(y) is a scalar function, i.e. the system has one input
and one output. The term v*C A*~! B in (19) can be written in conventional
algebra as cx_; + kv (where cx-; represents the coefficient C’A"‘IB) which
is a straight line with slope k. The transfer function can be viewed as the
maximum (of an infinite number) of such lines and hence is a continuous,
piecewise linear and convex function of the variable «.

14
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3 Some Extensions and Recent Literature

In this subsection we will briefly mention the following related fields, special-
isations and/or extensions; Petri nets and event graphs, Axiomatic found-
ations, Minimal realizations, Stochastic DES, Min-max-plus systems and
nonexpansive mappings, Numerical procedures, ‘Continuous’ DES and the
Fenchel transform.

[

3.1 Petri Nets and Event Graphs

It is assumed that the reader is familiar with the basic properties of Petri
nets, see [15] or [21]. It will be shown that the max-plus algebra is ex-
tremely suitable in describing the timed behaviour of tokens in so-called
event graphs, which form a subclass of Petri nets. In order to set the nota-
tion and the stage, we do start with some formal definitions.

Definition 3.1 (Petri net). A Petri net is a pair (G,b), where G = (£,V)
is a bipartite graph with a finite number of nodes (the set V) which are
partitioned into the disjoint sets P and Q; & consists of pairs of the form
(piy g;) and (g;, pi) with p; € P and g; € Q. The initial marking b is an m-
vector, with m being the number of elements in P, of nonnegative integers.
The elements of P are called places, those of Q are called transitions. The
number of elements in these sets are m and n respectively. The elements
of the vector b denote the number of tokens in the respective places. One
talks about a timed Petri net if time durations are associated with places and
transitions.

Definition 3.2 (Event graph). A (timed) Petri net is called a (timed)
event graph if each place has ezactly one upstream and one downstream
transition.

Definition 3.3 (State graph). A (timed) Petri net is called a (timed)
state graph if each transition has ezactly one upstream and one downstream
place.

Note that the definitions of event graph and state graph are dual one to
the other. In these definitions it was tacitly assumed that the networks are
‘closed’, i.e. all places (transitions) do have an upstream and a downstream
transition (place). The definitions can be extended in the obvious way to

15



include input transitions (places), so-called sources, which do not have up-
stream places (transitions) and output transitions (places), so-called sinks,
which do not have downstream places (transitions).

A transition can fire (or: can start firing if there is a positive firing
time, see definition 3.4) if all its (directly) upstream places contain at least
one token (which must be ‘enabled’ — see definition 3.5). After the firing
these tokens are removed and one token is added to each of the (directly)
downstream places. '

Definition 3.4 (Firing time). The firing time of a transition is the time
that elapses between the starting and the completion of the firing of the
transition.

Definition 3.5 (Holding time). The holding time of a place is the time
a token must spend in the place before it can contribute to the enabling of
the downstream transitions.

Theorem 3.1. An event graph with both firing times and holding times is
equivalent to an event graph with only holding times (i.e. the firing times are
zero). This equivalence means that the time instants at which the transitions
fire are the same in both event graphs.

Proof.  See [2].

Theorem 3.2. The number of tokens in any circuit of an event graph is
constant.

From now on we will only consider event graphs with firing times which
are zero. Each place connects precisely one transition with precisely one
(possibly different) transition. One says in such a situation that the up-
stream transition, say g;, is a predecessor of the downstream transition, say
gi- Equivalently one can say that g; is a successor of ¢;. One writes in such
acase j € 7~ (¢) and 1 € 7T (j).

We make the explicit assumption that if a place connects two transitions
such as just has been described, there is no other place with does exactly the
same. In general event graphs there can be more ‘parallel’ places in between
two transitions of which one is the successor of the other. The reason for this
restriction is purely a notational issue. The theory to be given can handle
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the more general situation routinely. We also make the assumption that the
underlying network is strongly connected.

If a place exists between the transitions ¢; and ¢; and g; is upstream
with regard to this place and ¢; downstream, then the holding time of this
place is indicated by a;;. The holding times are nonnegative real numbers.
The number of tokens in this place is indicated by b;;. In the course of time,
b;; may change of course, but what is meant here, and also in the formulas
to come, (20) and (21), is b;; at the initial time. For some subtle issues with'
respect to initial conditions, see [2].

If 7;(x) denotes the earliest time instant at which transition ¢; has fired
X times, then

Ti(x) = ‘ma)(c,)a;]'-{—rj(x—bij),izl,...,n. (20)
JET (1

Rather than having used the conventional notation z for the state, we now
used the symbol 7. This is to distinguish (20), sometimes referred to as the
dater equations, from the so-called counter equations defined as

z;(t) = min bjj+z;(t —ai;), i=1,...,mn, (21)
J€m=(d)
where z;(t) denotes the number of firings of transition ¢;, ¢ = 1,...,n,

which have taken place up to, and including, time ¢. Equations (20) and
(21) describe the same underlying system and one equation is called the dual
of the other. Note that x and z; are integer-valued. The functions z,(¢) and
7i(x) are each others inverse in a way.

If in the original event graph there would have been a positive firing time,
then the equations above do not exclude the possibility that a transition
‘works’ simultaneously on two or more tokens. If one wants to exclude this,
a loop, including one place with one token, around the transition concerned
should be added. The holding time of this new place is defined to be equal
to the original firing time of this transition. This loop now takes care of
the fact that in the equivalent event graph with only zero firing times, the
transition cannot work on two or more tokens simultaneously anymore.

Just as in conventional system theory, the product and parallel compos-
ition can also be defined for Petri nets by connecting the proper inputs with
the proper outputs; we will not do that explicitly here. Recently evolution
equations of timed Petri nets more general than event graphs have been
studied; the reader is referred to [1] and [8§].
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3.2 Axiomatic Foundations.

The operations @ and @ defined on the set R can also be defined with
respect to a more general set of elements D. One then speaks of a dioid
(sometimes also referred to as a semiring).

Definition 3.6 (Dioid). A dioid is a set D endowed with two operations
denoted & and @ (called ‘sum’ or ‘addition’, and ‘product’ or ‘multiplica-,
tion’) obeying the following azioms:

Axiom 1 (Associativity of addition).
Va,b,ce D, (adb)dc=ad (bDc) .
Axiom 2 (Commutativity of addition).
Va,beD,adpb=>0bDa .
Axiom 3 (Associativity of multiplication).
Va,b,c€D,(a®@b)®@c=a® (b®c) .
Axiom 4 (Distributivity).

Va,b,ce D, (adb)®@c=(a®@c)Pd(b®c) ,
cQ®(adb)=cRadcb .

This s right, respectively left, distributivity of multiplication with respect to
addition. One statement does not follow from the other since multiplication
s not assumed to be commutative.

Axiom 5 (Existence of a zero element).
JeeD:Va€eD,aPe=a .

Axiom 6 (Absorbing zero element).
VaeD,aQ@e=cRPQa=c¢ .

Axiom 7 (Existence of an identity element).

Je€D :Va€eD,aQRe=eRa=a .
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Axiom 8 (Idempotency of addition).
YVaoeD,aPa=a .

Definition 3.7 (Commutative dioid). A dioid is commutative if mults-
plication is commutative.

With the noticeable exception of Axiom 8, most the axioms of dioids are,
required for rings too. Indeed, Axiom 8 is the most distinguishing feature
of dioids. Because of this axiom, addition cannot be cancellative, that is,
a®b=a®cdoes not imply b = ¢ in general. Multiplication is not neces-
sarily cancellative either (of course, because of Axiom 6, cancellation would
anyway only apply to elements different from ¢). For an example in which
multiplication is not cancellative take D = RU{—oco}U{+0co0} and define &
as max and ® as min.

It is easily shown that in dioids the distributivity with respect to matrices
also holds, i.e. A® (B®C) = (A® B) ® C, where these multiplications
only make sense if the matrices have appropriate dimensions. For more
information on this axiomatic approach, see Chapter 4 of [2].

3.3 Minimal Realizations.

In subsection 2.4 it was shown how to derive the transfer matrix of a system
if the representation of the system in the ‘event domain’ is given. This
event domain representation is characterized by the matrices A, B and C.
Now one could pose the opposite question; how to obtain an event domain
representation, or equivalently, how to find A, B and C if the transfer matrix
is given. In the conventional linear system theory the corresponding theory
is known as the realization theory and one speaks of a minimal relization if
the sizes of A, B and C are as small as possible, see [11].

The simplest formulation of the (minimal) realization problem in the
max-plus algebra is probably as follows. Let G be a sequence of real numbers
{9;}20 and let A € R™™, zo € R C € R'Y™" be such that g; =
C® A" @z, j =0,1,..., then G is said to be reproduced by the discrete
event system z(k+1) = A® z(k), z(0) = 29 and y(k) = C ® z(k). Given a
sequence produced in this way, find its realization of the smallest dimension.
This realization problem has attracted a lot of attention recently, but for
the moment it remains unclear whether an exact algorithmic procedure of
polynomial complexity can be found for the general case. This problem was
originally formulated in [20]. For recent results the reader is referred to
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[6] and [23]. In most approaches the theorem of Cayley-Hamilton, suitably
adapted to the max-plus algebra, see [2], plays a crucial role.

3.4 Stochastic Discrete Event Systems.

The evolution equation studied in this part is
z(k+1) = Ak)®a(k), k=0,1,2,..., (22)

with some initial condition z(0). Some (or all) entries of A(k) are stochastic.
We assume that

e the underlying distribution functions do not depend on k.

e the stochastic entries can assume only a finite number of different
values. It will also be assumed that these values are finite, though the
method to be described can be generalized to the case that —oo is also
allowed as a value.

e A(k) and A(!) are independent stochastic matrices for k # [. (Exten-
sions exist for problems where A(k) and A(k + 1) are correlated.)

e no correlation between stochastic entries of A(k) exists, though such
correlations can be treated rather routinely.

e G(A(k)) is strongly connected. (If this assumption is true for one k, it
automatically is true for all k£ due to the second assumption above.)

The quantity of central interest is

lim E(z;(k)/k), (23)

k=00

for an arbitrary i, being the average cycle time for component :. This
quantity is a kind of ‘average cycle time’; it can been proved [2] that this
average cycle time is independent of i. The method of calculation of the
average cycle time will be shown by means of a simple example.

Ezample 3.1. Consider the case that z € R? and that for each k the matrix
A is one of the following two matrices

(1) (33)
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Table 1: Transitions of stochastic states

initial a12=T7 | a=>5

state

ny = (0,2) ny +91 | n3g+ 71

ng = (0,-3)" || ng+41 | n3 +31

n3 = (0,—-1) | ng +61 | n3+41 )
uz[ = (0,—2)’ N9 +51 n3—+-31

Both matrices occur with probability 1/2 and there is no correlation in time.
Starting from an arbitrary z(0)-vector, say z(0) = (0, 2)’, we will set up the
reachability tree of all possible states 2. This is indicated in Table 1, being
a table of transitions. In order to get a concise notation, the different state
vectors are indicated by n;, ¢ = 1,.... The table has been obtained in
the following way. The starting point is n; := (0,2)’. From there, two
states can be reached in one step: (9,6) or (7,6)’, depending on which A-
matrix occurs. The states will be normalized such that the first component
equals zero. This results in (0, —3)" and (0, —1)". (Other normalizations are
possible, and they will lead to the same results.) Both states are new and
are therefore added to the list, as ny and n3 respectively. Now we take n,
as the starting point. Two states can be reached from there: (4,2)" and
(3,2)', or, after normalization, (0,—2)" and (0, —1)’. Only the first of these
states is new and will be added to the list as the next state ny. In this way
we continue: from all states obtained sofar we construct the states which
can be reached from there in one step. If a state is found which did not
exist sofar, it is added to the list. For the current example it turns out that
there exist four different states. The notation n; + j1 in the table refers to
the state n; of which all components are increased by the number j. One
directly notices, by viewing the table, that the system never returns to n;.
Hence this node is a transient one. In the stationary situation a Markov
chain results with the three states ny, n3 and ny. Let us be slightly more
explicit. The elements of this Markov chain, to be denoted by z(k), are, by
construction,
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It is easily shown that

0 0
2k+1) = ( (Az(k))2 — (Ax (k) ) h ( (Az(K))2 ~ (Az(k))y ) ’

and hence the process {z(k)} is indeed Markovian. The transition matrix
of the Markov chain is

0 1/2 1/2
1/2 1/2 1/2
1/2 0 0

The stationary distribution of this chain is easily calculated to be
Pr(nz) =1/3, Pr(n3) = 1/2, Pr(ng) = 1/6.
The average cycle time becomes

Pr(n2)(4Pr(A;) + 3Pr(A3)) + Pr(n3)(6 Pr(4,) + 4 Pr(A,))
+ Pr(n4) (5 Pr(A4;) + 3Pr(42)) = 13/3,

where the coefficients are the appropriate numbers out of the table above.
The first term in this expression for instance, Pr(ny)(4 Pr(4; +3Pr(A4,)), is
obtained as follows. If the state is in ny, then this happens with (station-
ary) probability Pr(nz). The next step either leads to ny, with probability
Pr(A;) and obtained after 4 time units (see Table 1), or it leads to n3, with
probability Pr(A4;) and obtained after 3 time units. The other terms are ob-
tained similarly. It is the quantity at the right-hand side,13/3, which equals
the expression in (23). 0

This example described a method to calculate the average cycle time. The
crucial feature in this method is that the number of different normalized
state vectors is finite. See [22] and [2] for extensions.

3.5 Min-Max-Plus Systems and Nonexpansive Mappings.

Referring to the right-hand side of (8), one can define a max-plus expression
as a (finite) set of 2; + a;; terms, connected by the max operator. Similarly,
one defines a min-max-plus expression as a (finite) set of z; + a,; terms,
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connected by both the max and min operators. An example of such an
expression is

max(z, + 7, min(z2 — 4, 23 + 1, max(z,, z4 + 2))).

With respect to the max operator, we introduced the neutral element —oo.
Since we now also deal with the min operator, it is convenient to introduce
its neutral element +co also. Exactly as one can define a max-plus system
by means of max-plus expressions, as (8) can be viewed, one can define a
min-max-plus system. Such systems are nonlinear in the max-plus algebra
(because of the presence of the min operator) and also nonlinear in the min-
plus algebra (because of the presence of the max operator). Notwithstand-
ing this higher complexity, various results about min-max-plus systems are
known; the reader is referred to [17], [19] and [9]. Specifically necessary and
sufficient conditions are known under which the evolution of (subclasses of)
min-max-plus systems show a regular pattern as the evolution of max-plus
systems does.

Min-max-plus systems are quite naturally imbedded in the class of so-
called nonexpansive mappings, which also are known to have the possibility
of periodic behaviour. For more information on such mappings, the reader
is referred to [16, 13, 10]. We end this subsection by the definition of non-
expansive mappings.

Definition 3.8. A mapping f, which maps R™ into R" is called nonezpans-
we if

Il f(z) - f2) <l =z -2, (24)
for arbitrary z,Z € R™, and where the norm is an arbitrary || - ||, norm,
with 1 < p < o0.

3.6 Numerical Procedures.

In this subsection we will confine ourselves to numerical procedures which
yield the eigenvalue and eigenvector of a matrix A as expressed by (15).

Theorem 3.3. Given is an n X n matriz A with corresponding precedence

graph G = (V,€). The mazimum cycle mean is given by

A, - (AR)y
A= max min M’
i=1,...,n k=0,...,n—-1 n—k

vj. (25)

In this equation, A™ and A* are to be evaluated in the maz-plus algebra; the
other operations (subtraction and division) are conventional ones.
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This theorem is known as Karp’s theorem after {12]. This theorem yields
the eigenvalue but does not give information about the eigenvectors. For
that purpose construct the matrix B by subtracting A, obtained by Karp’s
theorem, from all elements of A. The maximum circuit weight of G(B)
equals 0. Hence B* = I B® B?@ --- and B* := BB* exist. Matrix
B% has some columns with diagonal elements equal to zero. To prove this,
pick a node k of a circuit x such that x € argmax¢ [(|w/|¢]1. The maximum
weight of paths from node k to k is 0. Therefore B,jk = 0. Let B denote
the k-th column of B. Then, since B = BB* and B* = I @ Bt (I is the
identity matrix), for that k,

B} = B}, = BB}, = B}, = B}, = ABj, = AB}.

Hence v = B} = By is an eigenvector of A corresponding to the eigenvalue
A

A few other numerical approaches exist which calculate the eigenvalue
and/or eigenvector:

e Study of the zero(s) of the characteristic equation in the max-plus
algebra yields the eigenvalue. For the definition of this equation see

[2].
e By means of Linear Programming techniques, see [14].

e Consider (7). Calculate z2(k), k = 0,1,..., starting from an arbitrary
initial condition, until a state becomes linearly dependent on a state
already calulated (z(7) = 8®x(4)). Now 8/(7—4) equals the eigenvalue
and (z(4)+z(5)+(6))/(7—4) = (152 131 13 102)’ is the eigenvector.
See [4] for a full account of this method.

3.7 ‘Continuous’ Discrete Event Systems and the Fenchel
Transform.

The central equations of this part are (21) and (20). It is assumed now that
in addition to ¢t and 7;, also x and z; are real-valued, and so are the quantities
b;;. The interpretation of these equations is still a (strongly connected)
network with n transitions (also called nodes now). These nodes can now fire
continuously. The intensity of this firing is indicated by v;(t). Quantity 2,(t)
denotes again the total amount produced by node i up to (and including)
time t. As initial condition it is assumed that z;(0) = 0. The production of
a continuously firing transition is sent with unit speed along the outgoing
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arcs to the downstream transitions. Thus along an arc there is a continuous
flow. The intensity of this flow is ¢;(¢,!), where [ is the parameter indicating
the exact location along the arc; I = 0 coincides with the beginning of the
arc, | = aj; coincides with the end of the arc, where it is assumed that the
downstream transition is g;. As long as the parameters lie in appropriate
intervals, we have @;(t,1) = i(t+s,l+s). Moreover, @;(t,]) = @i(t—1,0) =
v,-(t - l)

At time ¢ the total amount of material along the arc from ¢; to g; equals’

/, T ity ) ds. (26)

=0
The quantities b;; satisfy b;; = f5” ¢(0,1) dl. The integrand and the integ-
ral in (26) must be considered with some care. It is quite well possible that
the integrand will contain - functions. This will particularly happen at the
end of an arc, when material must wait there to be processed by the down-
stream transition because the other incoming arcs to the same transition
have brought in less material sofar. If g, is a downstream transition to both
gi and ¢; and if x;(t) < z;(t), then ¢; will start to build a é-function at
l = ay;, from t onwards. Of course this d-function can disappear again later
on if z;(s) > z;(s) for an s-value with s > ¢. The total amount of material
along an arc, as expressed by (26), will in general be time dependent. Many
standard results of subsection 2.3 on periodic behaviour remain valid for
this continous version of flows on networks, see [18].

Theorem 3.4. Along a circuit the total amount of material is constant. In

formula, if the circuit  is characterized by the transitions {¢i,, i, - - ., ¢i, h =
i, }, then

1=k @iy i

Z/ @i, (t,s) ds

=1 0

18 constant (it does not depend on time).
This is the ‘continuous event’ analogue of Theoremn 3.2. Please note that

the total amount of material in the network is not necessarily constant.

Definition 3.9 (Cycle mean). Gwen a circuit ¢ = {¢i,, ¢i,,. oGy, =
¢, }, its cycle mean is defined as ||w/|C|), where the weight |(|w and the
length |C|| (assumed to be positive) are defined as

|<|w: Z Qipyrain |C||: E bi[+1,il-

I=1,....k i=1,....k
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Definition 3.10 (Critical circuit). The circuits which have the mazimum
cycle mean are called critical. The corresponding cycle mean is indicated by

A

Theorem 3.5. Equations (21) have a solution z;(t) = +t + d;, with appro-
priately chosen constants d;.

Just as there are linear difference equations versus z-transforms, and
similarly, linear differential equations versus Laplace transforms, we have in
the max-plus algebra setting their counterparts. For the discrete event sys-
tems we had the max-plus algebra systems versus the v transform. For the
continuous flow variation we have the description above versus a slight vari-
ation of the Fenchel transform, called Fenchel* transform. This Fenchel®
transform turns out to be the max-plus algebra variant of Laplace trans-
forms, see [2]. The Fenchel transform of a function is also referred to as the
conjugate function. We conclude with its definition.

Definition 3.11. The Fenchel transform F(f) of a function f in a Hilbert
space H 1is a function in the dual space H*;
Vee H*: [F()l(c) :=sup(< ¢,z > —f(2)),
2€H
where < -,- > denotes the innerproduct. The Fenchel* transform F*(f) is
defined by
Vee H': [F(f)](c) = sup(< ¢,z > +£(2)). (27)
2€H
Usually one confines the definition to convex functions f. Note the resemb-
lance between (16) and (27).

3.8 Synchronization of Traffic Light Processes

In this subsection a Traffic Route System (TRS) for a (part of a) city plan
will be mentioned briefly. It concerns a recent application of the max-plus
algebra, see [7]. Given a set of interacting traffic routes, the problem is to
determine the Sinal Timing Plan (STP) that minimizes the time duration
that cars have to wait for green lights while following their predetermined
routes (along the route no diiferent choices can be made). Compared to the
time table design problem for a railroad network, the railroad stations have
become crossings in the city plan and trains have become platoons (i.e. a
single sequence of cars that departs from a crossing in the same direction
during a green phase).
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