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ABSTRACT

In the first section of this paper, the ordinal space [1,Q]
is characterised. Then its quotients are completely described
in easy terms. In the second section, the ideas of a well order

ed sum of an arbirary collection of T, spaces and a Chandelier

space are introduced. The Chandelier spaces are obtained by tak
ing compact ordinals and forming their interweaves and well order
ed.sums and one-point compactification of such spaces, Finally
it is proved that the Hausdorff quotients of compact ordinals

are precisely the Chandelier spaces.



INTRODUCTION

The study of scattered spaces is getting more attention re
cently. Irowka, Rajagopalan, and T. Soundararajan showed recently
that a compact Hausdorff space X in which every ordered net
has a convergent cofinal subnet is scattered and conversely.
(TOPO 72 Lecture Hotes in Math. #378, Springer-Verlag (1974) -
288-298), Thus chain compact spaces cor scattered spaées as they
are more commonly known form a natural generalisation of the

categroies of sequential spaces and chain net spaces among com—

pact spaces,

The easiest class of chain compact Hausdorff spaces are
the spaces of Ordinals. It was natural to conjecture that the
class of ordinals form a class of generaters for the category of
scattered compact Hausdorff spaces by using closed subspaces, -
finite products, and ilausdorff quotients. rlowever, Mrowka, -
Rajagopalan, and T. Soundararajan showed in their paper that
this is not the case. They rasied a conjecture in that paper
that the category of strongly scattered spaces is generated by
the above process by Compact Ordinals., This conjecture is still
open. The first difficulty in solving this problem is to give
a characterisation of the quotients of compact ordinals, The

present paper deals with exactly that problem.

Notations 1.1. All spaces in this paper are Hausdorff. Let a

be any ordinal number. [1,a) or Sa denctes the ordered space

of all ordinals 3 < a with the usual order topology. If o

is an ordinal, then c¢f(a) is the least cardinal of a subset



which is cofinal with S(a). & denotes the first uncountable

ordinal. wWe use [1,%] to mean S(w, +1) sometimes.

The following theorem 1.2 is easy to prove and its proof -
is omitted.

THEOREM 1.2. If o is an ordinal and therc exists a countable

cofinal subset of S{a) then cf(a) 1is countable and conversely.

If o is an ordinal, then S(a+l) = [1,a] and 5(a) is compact
if and only if o is a successor. The free union countably many

ordinals S(a) (0ed) is again of the form S(B) for some ordinal

£, provided that cf(a) is countable for every a in J.

Definition 1.3, If X, Y are topological spaces and ¢ : X = Y

a map from X onto Y then ¢ is called perfect if it is con

tinuous and closed and ¢-1(Y) is compact for all y e Y,

Definition 1.4, Let ¥,  be a countable compact ordinal space

for each @ € [1,%), Let X, Dbe the last element of Xa for
each a ¢ [1,0). Let Y be the free union & Xa of the sets

X, where a € [1,2). iie define a topology on Y as follows:
If x € Y +then a neighborhood base of x in the space Y is
the same as a neighborhood base of x in Xa in the following

two cases:

(i) x ¢ Xa for some non-limit ordinal o .

(11) x ¢ Xa for some limit ordinal o and x # Xy If
x = x, and a is a limit ordinal, then a neighborhood
base at Xy is the collection of all sets of the
form V {J () Xg

e [y,a)



for o £ [1,2). Clearly we have that ) X, = L Jo, for all
B<a {<a "

a €[1i4). dow, let o be a limit ordinal. Then L}OB = {xa}(}
B<a

} 0, is compact. Then an open set W containing X, in X

o

B

MAA

T

contains a set of the form L} O[3 {/ Vv where § is an ordinal
§<B<o :

less than o and V is a compact open set in £ which contains

X o
o

Conversely, each such set VI ( \J OB) = M 1s open in X,
§<fB<a

Indeed, 0g and X -V are compact while Oq is open in X,
Also, Oa is the disjoint union of M, and Xa - V. Hence, -
¥ is open in X, So, it follows that Y is homeomorphic  to

the well ordered sum of the spaces Xy indexed by [1,R).

Remark 1.6. One nice feature about Theorem 1.5 is that one more

additional condition ((iv) below) is enough to guarantee that

X is homeomorphic to [1,8):

P

Giv) U 0, is open in X for each limit ordinal.
a<y

This follows from Theorem 1.7 below. This characterisation of

{1,2) has also been obtained by J. W. Baker [1] independently.

THLOREM 1.7. Let X be a non-compact T, space which is locally

compact. Then X is homeomorphic to [1,2) if and only if X

satisfies the conditions (i), (ii) and (iii) of Theorem 1.5 and

also the condition (iv) of Remark 1.6,




Proof: Let X be as in Theorem 1.5 ‘v @ € [1,0). Then Xa is

@

homecomorphic to a compact countable ordinal space o € [1,9)
by a theorem of 8. Mazurkiewicz and . Sierpinski [7]. Since -

a limit ordinal, the order in

~

{xu} is cpen in Xa when o 1is

Xa as given by the theorem of S, Mazurkiewicz and V. Sierpinski

|7] can be chosen sc that X, is the least element in Xa when

¢ is a limit ordinal. We assume that it is done, How, define
an order < in X as follows: If x, y ¢ ¥, then x <y if
and only if x ¢ Xa and Y e XB and o< B Oor X, V € Xa and

x <y in K ,. This order < in X 1is easily secen to be a
well order in X and alsc X is order isomorphic to [1,Q).
An application of the proof of Theorem 1.5 shows that this order

isomorphism is alsc a homeomorphism. This completes the proof of

Theorem 1.7,

THLORTM 1.8. Let Y be a well ordered sum of countable ordinals,

Let ¥, be the countable ordinal space associated with a e [1,9)

in the construction of Y. Let J ={a | a e |1,%), {x } 1

—

o
open in X Jo Then Y is homeomorphic to [1,%) if and only if

J contains a closed set Jl cofinal with &,

Proof: If J contains a closed set J1 cofinal with Q, then

it follows that Y is homeomcrphic to [1,Q) from Theorem 1.5
and Theorem 1.7. Conversely, let Y be homeomorphic to [1,8).
Then from Theorem 1.5 and Theorem 1.7 Y can be expressed as a

union %J 0, of subsets 0,C Y with the following properties:
ae{1,8)



(1) Ou Z ¢ for each o€ [1,6) and | ) 0 =Y,
A

(i1) Oa is compact, open in Y for each a € [1,8).
(iii) 0 o, if a < and a, 8 e [1,0).

(iv) If o is a limit ordinal in {1,Q), then
e Loy ) ;
) 0, - \] 0, 1s a singleton. *
B<a B<a ¥

s e

(v) If a dis a limit ordinal in [1,Q), then 7| 0, is
B<a

open in Y.

fow, put A = (d} XB Voo e [1,92). Then {“j A, =Y and
o B<a X AY

a, € [1,2). Also, each Aa is compact, open in Y, Moreover,

if a < 3 and ¢, B € [1,9), then X, (} Aa = ¢. How, there
A
exists a, € [1,8) such that A, £Z 0 . Since 0 is
1 1 0q ay

also compact, there is a §, > oy in  [1,9) so that Oa ' AB .
1 1

Choosing a, € [1,2) so that a, > 3, and so that Oa2 ) A81

we get Oa - Oa . Also XB [} o oy = ¢ for 3 e [1,0) and
1 2

8 > a,. It is obvious that we can proceed by transfinite induc

tion and get a strictly increasing transfinite sequence of or—

dinals a; where i ¢ [1,92) so that the following hold:

(a) LJ Oa =Y.
ieq i

() o, ( O if i, 3 e [1,2) and i < j.
1 3



o .

(¢) If i, 3 € [1,2) and i < j then 0O (] X, = ¢
1 3

() &) 0, = &j}Aa for all Yy which 1s a limite of a
a<y a<y

distinct seguence a.

dow put J, = fa; | 1 e [1,D). Let Jy be the set of limit

points of J, in [1,2). Then, clearly Jio is cofinal with €,

since Jyq is cofinal with §. We claim that Ji is a closed -

subset of §£ such that {xy} is open in XY for each vy ¢ Ji.

For, let y ¢ Ji. Then, we can choose a strictly increasing

sequence 0, < a, <... < o0 «es of element in J, sucha that

. ) s —_—
1t o_ = ¥ in [1,2). Then X, € inj 0, » S0, x, € |J 0.

n>e 1% Yo g%y @

From the definition of topclogy of Y it follows that if x € X

and x # x, then xe [J 0., Thus o= {x} J (Uoo=tx s
Y a24 a 424 a - Y gy &Y ey

From (v) and the definition of topology of Y it follows that
{XY} is open in ye Clearly Ji is also closed in [1,2) and

this completes the proof of the theoren.

Remark 1.9, The above theorem 1.8 also give us =2 characterisa—

tion of {1,2)., It is easy to switch back and forth between the
characterisations of [1,2) and [1,%). The latter can be charac
terised as the one-point compactification of the former and the
former can be characterised as the space got by removing the
unique point of [1,9] where the first axiom of countability -

fails.



. s . . 1
Definition 1.10. Let w be a partition of [1,u] and X = ll;Q*

be the quotient of [1,&] under w. We say that a subset

A< 1,57} 1s saturated under # if A dis a2 union of members
of  w.

S, . e, _ G
UALUREM 1.11. Let ¢ be a partition of [1,R] and X = 1ﬂ‘

be the corresponding quotient of [1,&]. Let ¢ : [1;9] + X be

the quotient map. Let {{i} ¢ # and let X be liausdorff in the

quotient topology of [1,2] by ¢. Then X is homeomorphic to

the one point compactification of a well ordered sum of countable

ordinals,

Je prove this by first giving a definition.

.. {
befinition 1.12. Let @ be a partiticn of [1,i] so that *2#Ql

is T2 in the guotienttopclogy. Let {u} € w. Let

9 [1,9] + ll#ﬁl be the canonical map. For each o ¢ [1,9), put

¢ = sup(¢"1(¢([1,a]))). For each o €[1,0), put xi a = ¢

o Y

where v = ¢a‘ If n>1 1is an integer and Yn~1 o has Dbeen

defined for some a e [1,9), put AT a = A ("' a). Finally

put £, = lub {A" @ | n e } for all countable ordinals a. lote

that %, # @ for all a e [1,%).

Proof of Theorem 1.11: ‘e observe that ¢([1,20)) is open in

X for all a & |1,8). If we put By = @([1,Ru)) for each

ae [1,0), then LJ 5, =x- {0}, since #([1,2,]) is
‘ ae|1,%)



gompact and hence closed in X it follows that Ea is metris-

able for each o € [1,i). Thus 3& is homecmorphic to some

countable ordinal space (see [7]) and so the first axiom of
countability is satisfied at each point of ¥ - {¢(Q)}. Now,

chcese an increasing ccfinal set of ordinals (a;) 1€ [1,0)

] ' 4 ' . . and a., a. M.
in [1,8) so that By # o8y Af a. < ay and o;, oy € [1,2)

-

Then L,) B, =X - {¢(2)}, For each a;, O € [1,2) we
ief1,0) Ti ]

have that ¢(£ai) € Buj if 0y > oy Put J = {a, | 1 ¢ [1,0)1}.

Given 1 e [1,2), put K, to be a compact open set containing

i

%, but Ka.C:' B, if ¢(Ra ) £ 8, , and to be ¢ if

1 i i+l 1 i

A .

9%, ) € b, . Finally put X, =2, | X, ~for all a, e J.
1 1 1 1 1

Then the collection {X | a, € J} satisfies the conditions of
i

Theorem 1.5, Thus we get the Theorem 1.11.

Remark 1.13. It was wrongly announced in [6] that the quotient

space % of Theorem 1,11 is again homeomorphic to [1,&].

<2

TJEORLM 1.14. Let T be a partition of [1,2] and ¥ the quotient

set Llﬁﬁl and ¢:[1,9] = ¥ the canonical map. Let X be

(o

Hausdorff in the guotient topology and let there be an o e [1,2)

|

so that if ¢ >a_ and ae [1,2) then o and 2 do not lie in

the same member of w, Then X 1is homeomorphic to the one point

compactification of a free union A ® B of a countable ordinal

space A and a space B homeomorphic to a well ordered sum of

countable ordinals,
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Proof. Let wm, be the restriction of m to [1,2). Then the

partition class of an element x ¢ |1,&) under T4 is countable.

Thus imitating the constructicn of & for each ordinal u € [1,Q)

o
as in definition 1.9 we get an ordinal 2 in [1,&) so that [1,&)

is saturated under L

Then we can find a compact open set W in  ¢{([1,%)) so that

and |£,0) is saturated under both 7w and

=3

T
$(2) € W. Then taking It = [1,8) {_J ¢"1(w) and i - [1,6) - M
we get M to be a compact, open set which is saturated under T4
in [1,2) and we get ! to be an open set in [1,2) which is closed
under T as well as Ty Then we get that X = &) U ¢(N) and
$C ) oG = ¢, Put A = o(M) - {61} and s = 6(d), Then
$(1M) and ¢(N) are disjoint open sets of X and X is the one
peint compactification of the free union A ¥ . .iow the -
restriction of ¢ to i also gives the quotient topology on ¢ ()
Sc by an easy application of theorem 1.8 we get that ¢(N) 1is
homeomorphic to a well ordered sum of countable ordinals. How
the map &lM:M » ¢(M) also gives the quotient topology on ¢(M).
So ¢(1) in homeomorphic to a compact, countable, crdinal space.
So ¢{M) - {¢)} = A is homeomerphic to a countable ordinal -

space., Thus we have the theoren,

a partition of [1,2) and let X be the

0]

THEOREM 1.15, Let wm Db

1,4

2 and ¢: [1,8] » X the quotient map. Let X

quotient set

be given the quotient topclogy and let X be Hausdorff in this -

topology. Let the partition class of © under m be uncountable.

Suppose further that there is no member in 7 which contains a

closed ray of the form [a,d] for some o € [1,0). Then X is




uncountably many ccuntable. ordinal spaces.

Proof: 1Let D be the partition class of @ under . For
each o e [1,8), put X, = (f1,20-1) () [1,a]. low, it is clear
that if o € [1,2)-D, then its partition class under n is

contained in [1,0) and is countable. Given a g [1,0), put
da = lub ¢_1(¢(Xa))’ and let Yu be the least ordinal in D 8o

that Ya > da and ula = Ya' Given o € [1,0) and an integer

n > 1 for which unu is defined put un+1u = u1(una) and let
§, = lub {s"a | n e ¥}. then [1,6@) - D is saturated under 7,
and 6 €D and a < 6§ for all ace 1,2,

Let 5 =1{8 | ae |1,8) -D}. Then it is clear that if x € S
and x' is the successor of x in S then [x,x+) - D 1is

saturated under w. Let X be the least element in S, Then

[1,0) = [1,XO) ) {{“f [x,x+)k Moreover, it is clear that
RED

X>X
— O
oC[1,x N [T oCxx™) = Cxx")) {1 o]y, = (o))

for all x, ye S and x # Y and x > X “ow it 1s clear that
¢([1,x0)) is homeomorphic to a countable ordinal [1,v, ] where
‘ o
; . . - +
Y, can be chosen tc correspond to (L), Likewise ¢([x,x ))
o
is homeomorphic to a countable ordinal space of the form

[1,yx] where Yy corresponds to ¢(R) fcr each x € S. Since

[x,x+) - D is open [1,9) and saturated under ® it follcws



that {l,Yx) is open in X for all x e 8 and [1,y, ) is -
o

open in X.
Thus X 1s the one point compactification of a free union of an

uncountable collection of countable ordinal spaces.
SECTTON 2, Invariance propertics of perfect images of  S{a),

In this section we describe the quotients of 3(a + 1)
where o is any ordinal whatsoever. We introduce the idea of a
Chahdelier space., We like tc point out that the essential ideas
of the proofs of this section were already given in section 1.

7o

Definition 2.1, Let o be a limit ordinal. Let () be
Y vyeS(a)

family of T, spaces indexed by S(a). Let L < S(a) be the

set of all 1limit ordinals Yy < a, Let é: L> U X be a
= Y
YEt)(a)
function such that ¢(y) € XY for all vy € L. We define the -~
well ordered sum of the spaces (X)) with respect to the
Y yeS(a)

choice function ¢ as follows: The underlying set of the well

ordered sum is the disjcint union Y = & X of the given -
yeS{a)
family. We define neighbourhoods in Y as follows:

If YO e Y and YO is not a value of the function ¢ and

Y € % for a Y, < o then the neighbourhoods of Yo in X

O Y Y

O O

form a neighbourhood base of YO in Y. If Y, F ¢(Y1) where

Y, € L, then a neighbourhocd basc of YO consists of sets of the

form W, W, W, where W, XY and 1s a neighbourhood of YO in

1

X and W2 = _J Xi where 8§ 1s a non-limit ordinal -
Yq §<ix P
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strictly less than Yq

Definition 2.2, Let X, Y be compact Hausdorff spaces, Let

¢ + ¥ > Y be a continuous map from X onto Y. ¢ 1is called an

almost homecmorphism or a finite to one map if Q_l ({ab) is
finite for all a € Y. In this case we say that Y is almost

homeomorphic to ¥. Let Xl’ Kogs ases Xn,c.. be loeally compact
rfdausdorff spaces. A compact Hausdorff space Y is called an

interweave of the family (X ) __ 1f it is homeomorphic
n n—1,2,3,...

to the one point compactification of a locally compact space W

satisfying the following conditions:

i) there is amap ¢ : + X _ -+ W shich is a quotient map.

ii) ¢"1({a}) is finite for all a e .
iii) d—l({a}) R, is empty or singleton for each a € W
and n=1,2,3,...

Notation 2.3. We denote the category of all compact ordinals

S(a + 1) Dby . We denote the category of all perfect Hausdorff
images of by ', We note that the Hausdorff continuous images

of is same as T,

THEOREM 2.4, A compact tHausdorff space which is almost

homeomorphic to a member of ' is again in I, The one point

compactification of a free union of members in I is again in T.

The one point compactification of a well orderad sum of members

of T is again in T.
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Proof: The first two statements are easy to prove. Now we
shall prove the third statement. Let o be a limit ordinal and

(X.) be a family of members of I. Let x_ € X_ be an
Y yeS(a) Y Y

element chosen in XY already where vy eS(a) and vy 1s a limit
ordinal. Tor each i ¢ S(a), let Gi be an ordinal and let

¢; : 8(8; + 1) » X, be a continuous map from S(§, + 1) onto

Xi.i For every limit ordinal Jj € S(a) 1let e be an element

which does not belong to S(j) and put Yj = {ej} L)S(Gj + 1),

Then Y. 1s well ordered when we take the usual order between

two elements in S(Gj + 1) and put ey < x for all xe S(§j+ 1.

iow take the free union B of the family (Y.) where we
jeS(a)
take Yj = S(j + 1) for all non-limit ordinals j € S(a). Put

x <Y 1if x ¢ YYl and y ¢ YY2 and Yy Yy € SCad and

Yi < Yy If y e S(a) and x, Y € Y, and put x <Y if and

Y

only if they are in that relation in Y Then £ is well -

-Y'
ordered. Let <« be a symbol that is defined to be larger than

all elements in 3. Let C = 3 U {«}, Then C is a compact

. ¢ .y =
ordinal space. For each YY let Y XY XY be the map ¢Y

if Y 1s a non-limit ordinal in S(a), If vy € S(a) is a limit

1 y = = )
~ordinal ?ut Y(eY) xY and WY(x) ¢Y(x, for all

H

X € 3(y + 1). Let X be the well ordered direct sum of the

family (XY)' Let £ : B+ X be the map whose restriction to

Yy dis ¥, for all yesS(a). Finally let X |){(a + 1)} = M be
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the one point compactification of X, Let A : C + M be the map

that maps @« + 1 to <« and coincides with f on B. Then M is

the quotient of the compact ordinal C. Thus we get the theorem.

Definition 2.5, A compact ordinal S(o + 1) 1is called a -

chandelier space of order 1, We call o to be the suspension -
point of S(a + 1). (iote that the last point of S(a + 1) is ),
Suppose that 6 is an ordinal and we have defined a chandelier
space of order Yy and also its suspension point fog all ordinals
Y < 6. A Hausdorff space X is called a chandelier space of order
< § if it can be either obtained as the one-point compactification

of an interweave of a sequence of spaces Xl-{al},XQ-{az}”..,%i-
- {an},.o. where each Xn is a chandelier space cf order

Y, < § and a is the supension point of X or X is

homeomorphic to the one point compactification of a free union of

chandelier spaces (Yi)ieT witn the order of each Yi tc be < §

or X 1is homeomorphic to the one-point compactification of a well

ordered sum of such spaces (X ) with the proviso that t < §
Y yes(t) -

and the element xY chosen in XY in forming the well ordered

sum of the (XY) is the suspension point of XY for each limit

ordinal o < t. In any case the point at © of X 1is called its
suspension point. Furthur X is said to be of order B if it

is of order < f and is not of order Y for any y < (3,

THEOREM 2.6. A compact iausdorff space S isa guotient and hence

a perfect image of a compact ordinal S(a + 1) if and only if it

o=t




1o

is a chandelier space of some crdsr vy wheve vy < a. hMNoreover

every Hausdorff quotient Y of a compact ordinal S(8 + 1) can be

obtained as a chandelier space with the image of p as its -

suspension point.

Proof: Theorem 2.4 gives us that a chandelier space of any order
Y is a quotient of a compact ordinal., So we have to only prove
that a iHausdorff quotiesnt of a compact ordinal (8 + 1) 1s a
chandelier space with the image of § as its suspension point.
The -theorems 1.11 and 1.12 of the previous section say essentially
that the ilausdorff quotients of [1,Q] = 5(w, + 1) are chandelier

spaces with the image of  as a suspension point.

We are going to prove our assertion by transfinite induction,
For this we assume that a is a given ordinal and that every
Hausdorff quotient X of S(y + 1) is a chandelier space with
the image of vy as its suspension point for all limit ordinals
Yy <a. If o is not a limit ordinal then there is a largest

limit ordinal Y, < a. It is clear that S(a + 1) is homeomorphic
to Sy, ¢+ 1). (We are interested in infinite cordinals only).
Then S(YO + 1) is homeomorphic to S(a + 1) and Yo is a limit

ordinal. So by induction assumption the quotient of S(a + 1)

is a chandelier space. 4An easy argument also gives that it

is possible to represent x in such a way that the image of o
is the suspension point. We have tc consider two cases:

Case (a): The cofinality cf(a) of a is not countable and

0~1({6¢a))}) = {a} where ¢: S(a + 1) + X is the quotient map.
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Following the ideas of the proof of theorem 1.8 we see that

for every ordinal 6 < a we can associate an ordinal Rg < a so

that 68 < SG and ¢—1(¢({1,86))) = [1,86) where ¢ : S(a + 1) » X
is the given gquotient map. We can also assume without loss of

generality that Gi < B, if i, j e 8(a) and i< j. Let

be the partition of S(a + 1) which is induced by ¢. Then it
is clear that if x €& S(a) then the partition class m, to which
X Belongs is compact and < S(a).

Let m, be the maximum element of L Then we claim that there
is a compact, open set Ve which contains T, and which 1is
saturated under w. For if y € T, there is an open and closed
interval [QY,Y] S(a) so that no element ze [QY,Y] can  be
in the same member of 7 as any element u > m,, and u e S(a).

(This is because m, has m  for its maximum.) Put w= U D%{Y].
’ Yemw ?
X

Then W 1is an open set containing m, and m, is the maximum
point of W. Since the map ¢ : S(a + 1) » x is a closed map,
it follows that there exists an open set V W so that

T <. V and $(V) is an open set in ¥ which contains ¢(wx).

since X 1is scattered by [4] we get that there is a compact open

set L  ¢(V) and ¢(ﬂx) € L. Putting ¢—1(L) =V, we get a
compact open set of S(a) so that Vi is saturated under 7
and V having m, as its maximum element, Now let us look at the

set {Bj | 3 € s(a)} where we assume that Bj has been chosen
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so that j < Bj < o and le < bjz if SPRR P and Jqs 3,y € s(a)

and [1, Bj) is saturated under w for all j € s(a). For each j

let us choose a compact cpen set Vj so that Gj [ Vj and

v, & (1, Bj+1) for all j e S(a) and V, is saturated under

m. Put Wy = [1,Bj) U Wy for all j e S(a). Flnally X, = 6(H)
and £ ® ¢(wi> - ¢(ﬂi_1) if i d1is a non-limit ordinal such

that 1 < i < a, If i 1s a limit ordinal < o, put

e o= o(W.) = & LJ J.)e Then it follows that each ¥. 1s a
i 1 5<i j i

chandelier space of order at most Bi+1 which is < o and X is

the one-point compactification of the well ordered sum of the

(Xi) with ¢(a) as the point «. Thus ¢(a) is the
ieS(a)

suspension point of X. Thus we have the theorem in this case.
Case (b): The cofinality cf(a) 1is not countable and the

given quotient map ¢ : 5(a) + X Js such that ¢_1({¢(a)}) - {a}

has a maximum Y, < @

In this case we write G5(g * 1) = {1,YO] L)[YO t 1,a]. Putting

¢([1,YO]) = XO and ¢([YO + 1,a]) = X1 vwe get from case (a) that

X and X are chandelier spaces and ¥ is almost homeomorphic

o] 1
to the free union of X, and X, with #(a) as the point at <,

Thus we get the theorem in this case also.

Case (c): ¢, X are as in case {(b) and cf(a) is uncountable

and ¢-1({¢(a)}) - {a} is cofinal with S(a) and does not contain



19

a ray of the form [fi,¢) for any 0 < a.
In this case we use the argument used in the proof of
theorem 1.12 with the obvicus small modifications., 'Then we get

that X is the one point compactification of a free union  of

spaces Y. where i1 e S5(a) and each Y. is of the form

Xi - {Xi} where Xi is a chandelier space with suspension point

-

X for each 1 e S(a). ngain ¢(a) 1is the point at « of X
and- hence we get the result. Thus we have the result if cf(o)

is not countable.

Now let us assume that <cf(a) is countable., Then we consider

the case:

Case (d): If (w) is uncountable; ¢—1({¢(a)}) - {a}
is cofinal with S(a) and contains a ray of the form [f,a)
for some 3 < a. In this case, ¢ maps [1,&] ocnto X and
$(3) = ¢(a) and hence by induction hypothesis we have that X

is a chandelier space with ¢(a) as the suspension point.

Case (e): ¢ : S(a + 1) » X is a guotient map and cfla)
is countable and ¢-1({¢(a)}) = {a}.
In this case we can find an increasing sequence Slcfszci...CZSn

of compact open sets of [1,a) so that ¢"1(¢(Sn)) z Sn for all

n=1,2,3,... and LJ S = [1,a). Putting X, = ¢(S,) and
n=1 D 1 1
Xn z ¢(Sn - Sn—l) for all n = 2,3,... we get that each Xn is

a chandelier space and X 1s the one point compactification of

a free union of chandelier spaces with ¢(a) as the pocint at =,
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So X 1is a chandelier space with ¢(¢) as its suspension point.

How we come to the last case:=-

Case (f): «cf(ga) i1is countable and ¢_1({¢(u)}) - {o(a)}

is infinite and cofinal with S(a).

Now 1f there is an a, <o SO that ¢(y) = $(a) for all y > a,

and y < o then ¢ maps {l,o ] onto ¥ and ¢(a_ ) = ¢(a) and hence

by induction assumption we have that X 1s a chandelier space
with ¢(a) as suspension point. So we assume that for every

i ” : . 3
a, < a there is a S, € o so that a, < Eo and @(JO) ¥ oCa).

Now there is a strictly increasing sequence 81 < 62 ..s{Bn < aee

of ordinals < a so that 1lim {_ = a and ¢(8n ) = ¢(a) for 3all
nrc

n = 1, 2’ 3,...

e
[
t
>
]

¢([1,c1]); X, = oCfB, *+ 1, 5005000,
x,o= o8, + 1, B, 1)ee o Then X, Xo5eees X 5ee. are

chandelier spaces with suspension point ¢(a) and with order < a.

Put Y = X - {¢Ca)} forn =1, 2, 3,... » Then it is clear

that X is the one point compactification of an intsrweave of the
spaces (Yn) with ¢(0) as its poeint at «., Thus we get again
that X is a chandelier space with ¢(a) as its suspension point.

So we get the theorem in all cases.

Remark 2.7. Theorem 2.6 has many interesting consequences and

leads to furthur interesting problems. We do not inted to go
into all of them here but leave it for a furture investigation.

We give below some easy consequences of theorem 2.6.
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COROLLAKY 2.7. Let a be an ordinal whose ccofinality cf(e) i

————

nct countable, Then every Hausdorff{ perfect image X of S{a)

is of the form Y - {¥} where ¥ is a chandelior space and Y is

the suspension point of Y,

Proof: Since the perfect, continuous image of a locally compact
space 1is locally compact {(sce [8]), it follows that ¥ is locally
compact. Therefore, X is completely regulapr., 5o, the map

¢ : S(a) » X extends to @ map £ : {0(S(a)) » OX. DNow

G(5{a)) = S(a + 1), and since ¢ 1is onto and f has compact
range, f maps B8(S(a)) onto X, Thus (X = Y 4dis a chandelier

space, and f(a) is the point in Y - ¥, which is thus the

suspension point of Y.

CORCLLARY 2,8, The class L of perfect images of ordinals is

puvtnadh

closed under the following operaticns:

(a) cne pouint compactification of a free union of members

of L.

(b) Well ordered sum of members of L.

(c) cone peint compactification of perfect images  of

countable discrete union of members of L,

(d) countable discrete union of compact members of L.

We lecave the proof to the reader.
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