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ON BOWEN-RUELLE-S INAI  MEASURES AND HORSESWOES FOR 
D I  FFEOIORPH ISMS OF SURFACES 

ABSTRACT 

I n  t h i s  paper prove t h a t  i f  y i s  a Bowen-Ruellg-Sinai measure f o r  

a C' diffeomorphism f :  M -+ M o f  a sur face M then there  e x i s t s  a c o l l e c -  

t i o n  o f  hyperbo l ic  horseshoes R s a t i s f y i n g  the  f o l l o w i n g  cond i t ions :  
n 

i )  The Hausdorff dimension a(R ) o f  Rn on the  unstable man i fo ld  wU(x) 
n 

o f  any p o i n t  x E Rn tends t o  1 as n -+ w. 

i i )  The expansion c o e f f i c i e n t  o f  each Rn i s  a t  l a s t  B, w i t h  B > 1. The- 

se cond i t ions  a re  s u f f i c i e n t  i f  the  func t i on  y -+ h y ( f ) - x  ( f )  i s  u 
upper semicont inuous, here h ( f )  and x ( f )  denote the entropy and 

1-\ lJ 

the f u t u r e  Lyapunov exponent of  y .  
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SO. INTRODUCTION. 

An ergod ic  i n v a r i a n t  Bore1 p r o b a b i l i t y  measure p f o r  a  c2 d i f f e o -  

morphism f :  M + M o f  a  sur face M i s  c a l  l ed  a  Bowen-Rue&%-Snai measu- 

r e  i f  i t s  en t ropy  h  ( f )  equals  i t s  f u t u r e  Lyapunov exponent o f  x y ( f )  lJ 

and they a r e  p o s i t i v e ,  see /:I], 1321 and 1:15]. These measures p l a y  an 

impor tant  r o l e  i n  t he  smooth e rgod i c  theory  o f  d iynamica l  systdms s i n -  

ce by Ledrappier  k] they a r e  a b s o l u t e l y  cont inuous on uns tab le  leaves, 

and t h e r e f o r e  t he  se t  G o f  f u t u r e  gene r i c  p o i n t s  o f  y  has p o s i t i v e  
IJ 

Riemannian measure. 

I n  t h i s  paper we prove t h a t  i f  y  i s  a  Bowen-Ruell6-Sinai measure 

2 
f o r  a  C di f feomorphism f :  M + M  o f  a  su r f ace  M then t he re  e x i s t s  a  

c o l l e c t i o n  o f  h y p e r b o l i c  horseshoes Rn s a t i s f y i n g  t he  f o l l o w i n g  condi-  

t i o n s :  

( i )  The Hausdor f f  dimension 3(Rn) o f  Rn on t he  uns tab le  man i f o l d  

WU(X) of  any p o i n t  x  c  R  tends t o  1 as n  +a. 

( i i )  The expansion c o e f f i c i e n t  o f  each Rn i s  a t  l e a s t  B, w i t h  B > 1. 

These c o n d i t i o n s  a r e s u f f i c i e n t  i f  t he  f u n c t i o n y + h  ( f ) - x y ( f )  i s  
1-1 

upper semicontinuous. 

I n  b] Jacobson cons t ruc ted  Bowen-Rue1 16-S i na i meausres f o r  cer-  

2 
t a i n  n o n - i n v e r t i b l e  maps o f  IR w i t h  one c r i t i c a l  p o i n t ,  here t he  hor- 

seshoes R appeared as the  complement o f  t he  backward o r b i t  o f  ne igh-  

bourhood o f  t h e  s i n g u l a r i t y .  Th i s  p a t t e r n  o f  horseshoes o f  a r b i t r a -  

r i l y  h i g h  uns tab le  dimension i s  gene r i c  near tangencies o f  t he  s t a b l e  



and uns tab le  man i fo lds  of  d i s s i p a t i v e  p e r i o d i c  p o i n t s ,  as f o l l ows  f rom 

[l 11, t h e r e f o r e  t h i s  phenomenom i s  p resen t  i n  the  c r e a t i o n  o f  some 

s t range  a t t r a c t o r s .  

To prove 

on en t ropy  t o  

s e l y  an umpub 

the  main theorem we s h a l l  extend some r e s u l t s  o f  ~ a t o k & ]  

pressure o f  cont inuous f unc t i ons .  We s h a l l  f o l l o w  c l o  - 
l i s h e d  v e r s i o n  of  S. Newhouse on Ka tok 's  work. The idea 

o f  s t udy ing  p ressure  f i r s t  came t o  our  a t t e n t i o n  through McCluskey and 

Manning 131, i n  51. we s h a l l  d e f i n e  measure- theoret ic  pressure f o r  con- 

t inuous  f u n c t i o n s  i n  a  s i m i l a r  way as Katok d i d  f o r  ent ropy,  &]. I n  

52. we rev lew some r e s u l t s  f rom smooth e rgod i c  theory and i n  53. we 

pove t he  resu 1 t . 

Th is  paper i s  t o  be presented i n  t he  1985 Annual Meet 

Mgrida, I would l i k e  t o  thank Anthony Manning f o r  some he 

sa t i ons  d u r i n g  i t s  p repara t ion .  

51. MEASURE-THEORETIC PRESSURE. 

ing  o f  ASOVAC, 

1 p f  u  1 conver- 

Le t  T:X + X be a  homemorphisrn o f  a  compact m e t r i c  space X and u a 

T - i n v a r i a n t  Bore1 p r o b a b i l i t y  measure on X .  I f  d  denotes the  m e t r i c  

o f  X, l e t  

d  ( x , ~ )  = max { d ( ~ ' ( x ) ,  T 1 ( ~ ) ) l  0  < i < n), 
n  - 

f o r  x,y E X, d  ( ,  i s  a  m e t r i c  on X and we6h& c & i t ~ % e d ~ - m e -  
n 

,t,tic. Denote by B ~ ( x , E )  t h e  & - b a l l  cen t red  on x  i n  t he  d  -met r i c .  
n  

For E > 0  a  s e t  E C X i s  s a i d  t o  be (n ,~ ) -hpann ing  i f  Xc U B ( x , ~ ) .  
x c  E n  



S i m i l a r l y  f o r  3  > 0, E > 0  a  s e t  E C X i s  s a i d  t o  p - ( n , ~ , 3 ) -  bpun~Lng  

i f  P (  U B  (x,E)) > 1-3. A s e t  E i s  s a i d  t o  be(n,~)-bepukcLted i f  f o r  
n  - 

XE E 

x=y E E t h e r e  e x i s t s  i ~ l b , n )  such t h a t  d (T1  (x) ,TI ( y ) )  - > E. 

L e t  us denote by C(X) t h e  s e t  o f  cont inuous r e a l  va lued f unc t i ons  
n- 1 

L:X + R .  I f  L  E c ( x ) ,  w r i t e  Sn L ( x )  f o r  1 L ( T 1 ( x ) ) .  Def ine 
i =O . 

Q(T,L,~,E)  = i n f {  1 exp snL(x) 1 
XE E 

and f o r  3  > 0  

Q , ( T , ~ , E , ~ )  = i n f {  1 exp snL(x) 
XE E 

The l tapaLac j i cd  phebbuhe ah T  i s  de f  

I E i s  p - ( n , ~ , 3 ) - s ~ a n n i n g ) .  

ined as t he  map P(T,)  : C  (x)+IR, 

where 

P(T,L) = 1 i m  1 imsup 1 l o g  Q(T,L,~,E) .  
c+O n  - ~ o  n  

S i m i l a r l y  t h e  meaduhe X h w h e t i c  phe.Aauhe 0 6  T  uJah he.Ape& lta p  i s  

de f  i ned by 

P ~ ( T , L )  = l i m  l i m  l imsup 1 log  s ( T , L , n , ~ , 3 ) .  
3+0 c+O n-Mo n  

THEOREM 1.1. 

L e t  T: X + X be u hameatnohpkinm a  6 a campaclt meXh.Lc apace X, 2lce.n 

hah L  E C (X )  and p  an e rgod ic  T - i n v a r i a n t  Bore1 probabi 1 i t y  measure 

P.~(T,L)  = h p ( ~ )  + L dp .  I 



PROOF : 

We s h a l l  prove t h a t  P (T,L) > h (T) + L dp. The converse ine-  
1-1 - 1-1 I 

q u a l i t y  f o l l o w s  f rom a p p l i c a t i o n s  o f  the  Shannon-MacMillan-Breimanand 

the  Ergodic  theorems. The p roo f  uses s i m i l a r  arguments t o  those o f  

~ i s i u r e w i c z ' s  p roo f  of t h e  V a r i a t i o n a l  P r i n c i p a l  r8]. - . 
I f  B i s  a f i n i t e  measurable p a r t i t i o n  o f  X,  say B = { A ~  ,....., Ak) , 

k 
choose B. C A .  compact such t h a t  = { B ~ , B ~ ,  . . . ,Bk}, where B = X \ U  B 

I I 
O i = l  i ' 

has c o n d i t i o n a l  en t ropy ,  see 1116] f o r  d e f i n i t i o n ,  Hp(Bly) < 1. 

For r > 0, s e t  

where yn (y )  denotes t he  element o f  V T- ' y containing y and h (T,y 1 
i =O 1-1 

he en t ropy  of  p w i t h  respect  t o  Y . 

A combinat ion o f  t he  Shannon-MacMillan-Breiman theorem, Egorov's 

theorem and B i r k h o f f ' s  Ergodic  theorem imp l i es  t h a t  f o r  l a r g e  N, 

p(Y ) > 0. 
n 

Choose E > 0 such t h a t :  

( i )  2E < b - min { ~ ( B ~ , B . ) ]  i = j } ,  
J 

( i i )  d(x ,y)  < E imp l i es  l l  ( x )  - L ( ~ )  1 < r .  

Since Bn(x,c) Y can be covered by a t  most 2" elements o f  y ,  then 
N 



lJ(B ( x , ~ )  n y ) < exp n ( l o g  2-h (T,y) + r ) .  Now l e t  E be a p - ( n , ~ , a )  n  N - lJ 

-spanning s e t  f o r  n  N and 0 < a << p (yn)  and cons ider  t h e  s e t  

E L  = { x  C E I B  (x,E) n Y, -01. By c o n t i n u i t y  i f  y ( x )  E Bn(x,&) n Y n  N 

then S ~ ( x )  - Sn L ( y ( x ) )  2 n r .  There fo re  i t  f o l  lows t h a t  n  

1 exp-nr exp-nr exp 2nr  exp -n ( - r - l og  2+h (T,Y))  2 
XE E lJ 

which imp1 i e s  t h a t  

Since r and B a r e  a r b i t r a r y ,  and hp(T,B) - < h (T,y)+ hp (B / y )  

P ~ ( T , L )  - > ILdp-1 - log2  + h (T ) .  
lJ 

Now app l y  t h e  above procedure t o  Tn and S L, t o  o b t a i n  
rn 

P (T,L) > l/rn(s Ldp-1-log2 + h (Tn) )  
lJ - rn lJ 



so l e t t i n g  m + 

The converse i n e q u a l i t y  f o l l o w s  f rom the  Shannon-MacMillan-Brei- 

man theorem and t he  Ergodic theorem. # 

REMARK. The above p roo f  i s  d i f f e r e n t  f rom the  one g iven  by Katok 131 
f o r  en t ropy  s i nce  we do no t  use t he  Hamming me t r i c s .  

COROLLARY 1 .2. 

L c - t  T : X  + X and L:X + IR be UA above, ,then 

P(T,L) = sup { P ~ ( T , L )  I l~ i s  T - i nva r i an t ) .  

PROOF. 

Apply Wal te rs '  V a r i a t i o n a l  P r i n c i p a l ,  1161. # 

52. SOME DEFINITIONS AND FACTS FROU SMOOTH ERGODIC THEORY. 

For an i n v a r i a n t  Bore1 p r o b a b i l i t y  measure p o f  a d i f feomorphism 

f :  M + M o f  a su r f ace  M we d e f i n e  i t s  @tube Lyapunov exponent as 

S i m i  l a r l  y one can d e f i n e  the  p a x  Lyapunov exponent X ( f ' l )  o f  p by 
lJ 

- 1 
cons ide r i ng  f . A measure l~ i s  s a i d  t o  have nun - zW exponent i f  bo th  



i t s  f u t u r e  and pas t  Lyapunov exponent a r e  d i f f e r e n t  f rom zero, so 

Rue116 proved i n  (233 t h a t  h ( f )  < max {O,X 1 and i n  r71 we proved t h a t  
u - u - - 

i f  u i s  e rgod ic  w i t h  p o s i t i v e  en t ropy  and f i s  c 2  then h u ( f )  / ~ ( f ]  

equals t he  Hausdorff dimension a(u) o f  t h e  q u o t i e n t  measure def*ined by 

the  f a m i l y  of s t a b l e  man i fo lds .  

McCluskey and Manning 1161 have shown t h a t  i f  R i s  hype rbo l i c  ba- 

s i c  s e t  f o r  I, then t h e  Hausdorf f  dimension of t h e  i n t e r s e c t i o n  o f  the  

uns tab le  man i f o l d  o f  any p o i n t  x c R w i t h  the  se t  R equals the  unique 

zero  o f  t he  f u n c t i o n  t + p ( f  / a , - t LU) ,  w i t h  LU(x)= log l /  ~~f l E U l l  and EU 

denotes t he  expanding subspace o f  t he  tangent space a t  x .  Unfortuna- 

t e l y  t h e i r  methods do no t  extend t o  then non-uniform hype rbo l i c  se ts ,  

s i nce  the  f u n c t i o n  LU(x)  i s  no t  n e c c e s a r i l l y  cont inuous and t he  e x i s  - 
tence o f  Markov p e r t i t i o n s  I)] i s  n o t  guaranteed. 

We say t h a t  R c M i s  a h u m a h o e  f o r  I i f  t he re  e x i s t s  n > 0 such 

n- 1 
t h a t  R = R0 U....UR and I n I R  i s  con juga te  a f u l l  s h i f t  i n  k symbols, 

see 191. See 13 11 f o r  general  d e f i n i t i o n s  and standard r e s u l t s  on 

smooth dynamical systems. 

The f o r m u l a t i o n  o f  t h e  f o l l o w i n g  d e f i n i t i o n s  and statements a r e  

due t o  S. Newhouse. Le t  f :  M + M be as above. 

F i x  0 < r < 1 and l e t  I ={-1,1} f o r  u : l + l  a c 1  map w i t h  l l l u l  < r - 



we say t h a t  { ( u ( y ) , y ) }  ( { x , u ( x ) ) )  i s  a  u-cuhvc (a-cuhve).  Given u  < u  1- 2  
2  

u-curves (s-curves)  we s h a l l  c a l l  the  s e t  ~ = { ( x , y ) ~ l  I U , ( y ) ~ x ~  u 2 ( y ) }  

2  (H ={ (x,y) E I I u1 (x)  5 y  5 u2 (x )  1) a  u-heotangte (a -hec~angte )  . We 

1  
s h a l l  say t h a t  Rx C M i s  a  hectangte i n  M i f  t he re  e x i s t s  a  C embedding 

2 
G such t h a t  G(12) = R x  and G(O,O)  = x ,  i f  U i s  a  u - rec tang le  i n  I we 

s h a l l  c a l l  G(U)  a  u - rec tang le  i n  Rx. 

A (r ,X)-heotangle covQn o f  a  s e t  R  C M f o r  r > 0,X > 1  i s  a  f i n i t e  

co l  l e c t  i on  o f  rec tang les  { R  x1 'Rx2' . . . ,R 1 on M s a t i s f y i n g :  
x t  

t 

(1) R C  b B(x i , r ) ,  B ( X ~  , r )  C i n t  Rxi  and X.E I R. 
i=l 

( i i )  t f  x  E R, f n ( x )  E R  f o r  some n  > 0, x E ~ ( x ~ , r ) a n d  f n ( x ) &  B(x j , r ) ,  

then the  connected component o f  Rx i  f - 9  c o n t a i n i n g  x, t h a t  
x  j 

- n  
we denote by c(x,Rxifl f R . ) ,  i s  an s - rec tang le  i n  Rxi  and 

XJ 
m - 1  

f c ( x , R ~ ~  A f Rxj) i s  a  u - rec tang le  i n  Rx j .  

m 
( i  i i )d iarn f C ( X , R ~ ~  n f'" R .) < 3 diam Rxi  m a x { ~ - ~ , X  - (n-m) f o r  

XJ - 
O < m < n .  # - - 

THEOREM 2.1. 1141 

2  
Le t  f :  M -+ M be a C diddeomohphibm od a auhdace M phc?he.hving an 

ehgodic Boh& p h o b a b U y  meanuhe !J w a h  non-zmo expone&, Xhc.n 604 



53. M E  WIN RESULT. 

(i) The ffauhdohdd dimemion a(Rn) 0 6  Rn on t h e  umtabLe manidold 

wU(x) od any point x E Rn ten& t o  1 a n 

ILL) The expamion coed6ioien.t 06 each Rn i6 at Least B, w L t h  B > 1 . 

Before g i v i n g  the proof of  the theorem we s h a l l  e s t a b l i s h  some 

cond i t ions  t o  have the  converse of the  theorem t rue .  

COROLLARY 3.2. 

PROOF. 

Since the horseshoes R are  hyperbo l ic  then fo r  each n there  e x i s t  
n 

a measure 1-1 supported on Rn such t h a t  a(wn) = a(R ) ,  by 1171 a(l-In) = 
n n 

- 
- hpn ( f ) / x  ( f )  and b y ( i  i )  x ( f )  > B > 1 f o r  a1 1 n. Thus i f  pn + 1-1 

1-1n 1-1n - 
weakly then h ( f )  = x ( f )  and s ince  the  f u n c t i o n  1-1 + x ( f )  i s  always 

1-1 1-I 

upper semicontinuous then h ( f )  = x ( f )  > 0. # 
1-I 1-I 

PROOF OF THE THEOREM. 

k 
I f  we w r i t e  Fk(x) f o r  - l / k  l o g / /  Dxf  1 1  , then x,,(f)=infk J - F ~ ( X ) ~ ~ - I  



and O=h ( f ) - x l J ( f )  = sup ( x ) d l ~ } ,  so f o r  r > 0  t h e r e  e x i s t s  
lJ 

k  > 0 such t h a t  0  > h > - r .  The f u n c t i o n  x  + F  ( x )  i s  - lJ k 

cont inuous and t h e r e f o r e  p  (f ,F ) = h  ( f )  + I F k ( x ) d ~ .  Now l e t  3  > 0, 
lJ k  lJ 

E > 0  be such t h a t  

1 i m  sup I / n  l o g  ~ ( n , ~ , 3 )  > -r - 
n- 

and i f  d(x ,y)  < E then I F k h )  - Fk(y)  I < r .  

By Theorem 2.1 we can choose R = R x C  M such t h a t  p(R)  > 1-3/2, 

f o r  r > 0  smal l  and X = X(x  ) > 1  t h e  s e t  R  admi ts  a  ( r ,X ) - rec tang le  
lJ 

cover  {RX Rx ..Rx.} such t h a t  diam Rx. < ~ / 3 .  Now l e t  y be a  par -  1 '  2" I I 

t i t i o n  o f  M w i t h  diam y < r / 2  and 

" = {x  E M I  f q ( x )  E Y (  x )  f o r  some q  E /In, ( I+ r )n ]  1 .  

LEMMA 3.3.  1141 

So f o r  n  l a r g e  lJ(Rn) > 1-8. L e t  E n C  an be an (n,&)-separated s e t  

of maximal c a r d i n a l i t y ,  c l e a r l y  RnC U Bn(x,€) and t h e r e f o r e  t h e r e  
XE En 

e x i s t  i n f i n i t e l y  many n ' s  such t h a t  

exp Sn(Fk(x) )  2 exp -2nr.  
XEE, 

For each q  E [n, (1+r)n] l e t  V = { X  E E  ( f q ( x )  E y ( x ) } ,  now l e t  
q  n  

m be t he  va lue  o f  q  t h a t  maximises 1 exp Sn(Fk(x ) ) ,  s i n c e  exp n r  - > n r  
XEV 

q  



1 exp sn (Fk (x ) )  - > exp-3nr. 
x&Vm 

Consider Vm n Rx f o r  1 < j < t and choose t he  va lue  i o f  j t h a t  
j - - 

maximizes 1 exp Sn (Fk(x) ) . Thus i f  we wr i t e  Dm f o r  Vm n Rx 
X E V ~ O  RX j 

j 

1 exp sn(Fk(x ) )  - > l / t  exp sn(Fk(x ) )  - > l / t  exp-4nr. 
XE Dm XE Vm 

So cons ider  Rx and Dm. Each x  E D re turms t o  Rx i n  m i t e r a t i o n s ,  
j m i 

thus c ( f m ( x )  ,Rx. A fm Rx.) i s  a  u - rec tang le  i n  Rx. and f - m ~ ( f m ( x ) ,  
I I I 

m 
RX. n f Rxi) an s - r ec tang le .  Th i s  f o l l o w s  from t h e  f a c t s  t h a t  

I 

d(x i , x )  < r and d ( f m ( x )  , x i ) <  r, a n d ( i  i )  o f  t h e  d e f i n i t i o n  o f  a ( r , h ) -  

r ec tang le  cover .  

I f  y c c ( x , R x i  f l  f-m Rxi) then by ( i i i )  o f  t h e  d e f i n i t i o n  o f  a  

(r ,  ) - r e c t a n g l e  cover  

d ( f ' ( ~ ) , f ' ( ~ ) ) <  - diam f l ( c ( x ,Rx i  f - m ~ x i ) ) < 3 d i a m  - Rx.<E f o r  1  
I - 

wich  imp l i es :  ( i )  Ism Ft(y)-sm Fk(x) I - < m r  and ( i i )  t h a t  i f  y=x and 

y  c c (x ,Rx in  f-m RX.) then y  E V o t he rw i se  i t  would c o n t r a d i c t  t h e  
I m ' 

s e p a r a b i l i t y  o f  Vm. 

Hence t h e r e  e x i s t s  #V d i s j o i n t  s - r ec tang les  mapped by fm o n t o  
m 

#Vm U- rec tang les .  Using P r o p o s i t i o n s  2.4 and 2.5 o f  I>#] i t  can be 

shown t h a t  t he  d e f i n i t i o n  o f  a  shoe g i v e n  i n  119] i s  s a t i s f i e d .  So l e t  



by Tleorem 3.1 o f  191 fmlR" i s  conjugate t o  the f u l l  s h i f t  i n  #Vm sym- 

bols .  The same arguments used by Katok 1141 (pag. 163-165) show t h a t  
m- 1 

m 
R* i s  a  hyperbo l ic  se t  f o r  f , thus R U f '  R" i s  a  hyperbo l ic  se t  

i = O  
f o r  f .  Moreover t he re  e x i s t s  a  constant  c  = c(R) such t h a t  i f  x  E R 

and Tx M = EU (x )  8 ES (x) then 

and 

We s h a l l  est imate ~ ( f  lR,FklR). I t  i s  known r141 - - t h a t  

~ ( f  lR,FkIR) = 1 i m  sup l / j  log  1 exp s F ~ ( x ) ,  
j- XEA j 

j 

where A = { x  E R I fJ (x)  = XI. 
j 

So i f  y c  R* i s  a  p e r i o d i c  p o i n t  o f  pe r iod  N = j m ,  then there  

1 2  i 
e x i s t s  a  unique j - t u p l e  x=x(y) = (x ,x ,...., x J ) ,  x  E Vm, such tha t  

d ( f l  (y)  , f l  ( x2 ) )  < E f o r  i E rm,2m) - 

d ( f ~ ( ~ ) , f l ( ~ ' ) )  < E f o r  i E 'L(j-l)m,jm). 

j 
1 SN(Fk(~)+ ' )  2 1 i 

exp smFk(x' ) = ( 1 exp smFk(x)) . 
Y €An x ( ~ )  :ycAni=l  X E V ~  



Since SmFk (x) - > Sn Fk (x)+(M-n- 1  ) i n f  F  and N = j m  
k  

l o g  1 exp S ~ ~ ( x ) + ( m - n - 1 )  i n f  F  
X& v n  k '  

m 

Thus l e t t i n g  j + m  we o b t a i n  t h a t  

P ( ~ I Q , F ~ + ~ / Q )  - > l / m  l o g  1 exp S F  (x)+(m-n-1) i n f  Fk 2 
X& v n k  

rn 

n/m (pll(f,Fk) - 34)+(m-n-1) i n f  Fk. 

Now us ing  t he  i n e q u a l i t i e s  

so when n  + rn, we o b t a i n  t h a t  

Since f i s  expansive t h e r e  e x i s t s  an e q u i l i b r i u m  s t a t e  11111] y r  

f o r  Fk + r so t h a t  

hence 

k  
0 > h  r ( f )  - x  r > h  r ( f ) -  l / k  l o g I I D k f  I l d p r  > - 4 r / ( l + r ) - 2 r .  
- 1-1 1 - 1 - I J  - 

F i n a l l y  l e t t i n g  r + 0 we can choose a  sequence o f  e rgod i c  measures 1-1' 



such t h a t  x  i > h and 
u - 

By 114 hPi ( f )  = a ( p 1 ) x  i , so s u p { ( a ( p l ) - 1 ) x  i }  = 0 and thus ' i P 
sup a ( ' ' )  = 1 and s ince  each p' i s  supported on a  R the  r e s u l t  fo l lows .  

1 i 
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